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Abstract
A new spinning particle with a definite sign of the energy is defined on
spacelike hypersurfaces after a critical discussion of the standard spinning
particles. They are the pseudoclassical basis of the positive energy (12 , 0) [or
negative energy (0, 12)] parts of the (
1
2 ,
1
2) solutions of the Dirac equation.
The study of the isolated system of N such spinning charged particles plus
the electromagnetic field leads to their description in the rest-frame Wigner-
covariant instant form of dynamics on the Wigner hyperplanes orthogonal to
the total 4-momentum of the isolated system (when it is timelike). We find
1
that on such hyperplanes these spinning particles have a nonminimal coupling
only of the type “spin-magnetic field” like the nonrelativistic Pauli particles to
which they tend in the nonrelativistic limit. The Lienard-Wiechert potentials
associated with these charged spinning particles are found. Then, a comment
on how to quantize the spinning particles respecting their fibered structure
describing the spin structure is done.
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I. INTRODUCTION
A series of papers [1–5] utilizing the Shanmugadhasan canonical transformation [6] was
needed to arrive at the classical noncovariant generalized Coulomb gauge for the standard
SU(3)xSU(2)xU(1) model with Grassmann-valued fermion fields [see Refs. [7] for reviews].
In this gauge there is no gauge freedom left and the physical fields are the Dirac observ-
ables of the model. In order to covariantize the result, the isolated system of N scalar
massive particles with Grassmann-valued electric charges plus the electromagnetic field [8,9]
was reformulated on spacelike hypersurfaces [10,11], the leaves of a foliation of Minkowski
spacetime defining an arbitrary 3+1 splitting of it. The degrees of freedom of the space-
like hypersurfaces zµ(τ, ~σ) [τ labels the leaves Στ of the foliation, while ~σ are curvilinear
coordinates on Στ ] are extra configurational variables, but there are 4 first class constraints
in each point ensuring that the description is independent from the foliation. Therefore,
one can restrict oneself to spacelike hyperplanes, so that these extra degrees of freedom are
restricted to only 10: i) an origin xµs (τ); ii) an orthonormal tetrad on this point, adapted to
Στ containing the normal to Στ . Only 10 global first class constraints are left implying the
independence of the description from the choice of the hyperplanes. For the dense subset
of system configurations having a total timelike 4-momentum (the boundary conditions on
the fields must be such that the 10 conserved Poincare´ generators are finite) one can make
the further restriction to those special hyperplanes (denoted Wigner hyperplanes), which
are orthogonal to the total 4-momentum of the isolated system. This is done by requiring
that the orthonormal tetrad coincides with the standard Wigner boost associated with the
timelike total 4-momentum, after having boosted at rest all the variables with it. The ex-
tra degrees of freedom are reduced to only 4 and only 4 global first class constraints are
left. The 4 degrees of freedom are a noncovariant canonical variable x˜µs (τ) [with conjugate
momentum pµs ], which behaves as a classical analogue of the Newton-Wigner position op-
erator with the covariance of the little group of timelike Poincare´ orbits. All the variables
describing the isolated system are forced to become Wigner covariant [12,13]. This con-
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struction defines a new kind of instant form of the dynamics [14], the “rest-frame 1-time
Wigner-covariant instant form”, which is the special relativistic generalization of the New-
tonian separation of the center of mass [H =
~P 2
2M
+ Hrel]. One of the 4 left constraints
[ǫs = ±
√
p2s ≈ ±Msystem] says that the analogue of the relative nonrelativistic Hamilto-
nian Hrel is the invariant mass Msystem of the isolated system, so that the natural evolution
parameter is obtained by identifying the label τ of the leaves Στ of the foliation with the
rest-frame center-of-mass time Ts = ps · x˜s/ǫs = ps · xs/ǫs. The other three constraints
say that the total Wigner spin 1 3-momentum ~κ+ system of the isolated system inside the
Wigner hyperplane vanishes, so that the Wigner hyperplane is the intrinsic rest-frame of
the isolated system. Since the position of the origin of the hyperplane is arbitrary [like the
unit vector pµs/ǫs, describing the orientation of the Wigner hyperplane with respect to an
arbitrary Lorentz frame in Minkowski spacetime], one imposes as gauge-fixings to these 3
constraints the condition that the center of mass of the isolated system coincides with the
origin: Xµsystem(τ) = z
µ(τ, ~η+ system(τ)) ≈ xµs (τ) = zµ(τ, ~σ = 0) or ~η+ system(τ) ≈ 0. However,
till now Xµsystem is known only for systems of particles; there are preliminary results on its
identification for Klein-Gordon fields [15].
If one makes the canonical reduction of the gauge degrees of freedom of the isolated sys-
tem in the rest-frame instant form on theWigner hyperplane, one gets the rest-frameWigner-
covariant generalized Coulomb gauge in which the universal breaking of covariance is re-
stricted to the decoupled center-of-mass variable. However, as shown in Refs. [2,8,16], the re-
gion of spacetime, over which this noncovariance is spread, is finite in spacelike directions and
identifies a classical intrinsic unit of length, the Møller radius ρ =
√−W 2/P 2 = | ~ˆS|/
√
P 2,
where P 2 > 0 and W 2 = −P 2 ~ˆS
2
are the Poincare´ Casimirs and ~ˆS the Thomas rest-frame
spin of the isolated system respectively. This unit of length gives rise to a physical intrinsic
ultraviolet cutoff at the quantum level in the spirit of Dirac and Yukawa.
After the canonical reduction of the isolated system of N charged particles plus the
electromagnetic field (for this system also the Lienard-Wiechert potential in the Coulomb
gauge has been evaluated [9]) one gets the emergence of the Coulomb potential from field
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theory and a regularization of the Coulomb self-energy due to the Grassmann character of
the electric charge of the particles. Then, the isolated system of N scalar massive particles
with Grassmann-valued color charges plus the SU(3) color Yang-Mills field has been studied
till to find the rest-frame Wigner-covariant Coulomb gauge [16], obtaining a pseudoclassical
description of the relativistic quark model. The physical invariant mass of the system is given
in terms of the Dirac observables. From the reduced Hamilton equations, the second order
equations of motion both for the reduced transverse color field and the particles are extracted.
Then, one studies the N=2 (meson) case. A special form of the requirement of having
only color singlets, suited for a field-independent quark model, produces a “pseudoclassical
asymptotic freedom” and a regularization of the quark self-energy. With these results one
can covariantize the bosonic part of the standard model given in Ref. [5].
The limitation of the description of relativistic particles on spacelike hypersurfaces is that
they must have a well defined sign of the energy. This is due to the fact that the intersection
of a timelike worldline with a spacelike hypersurface is defined by 3 numbers ~σ = ~ηi(τ) and
not 4: xµi (τ) = z
µ(τ, ~ηi(τ)), i=1,..,N. This means that the mass shell constraints p
2
i −m2i ≈ 0
(in the free case) have been solved, poi ≈ ±
√
~p2i +m
2
i , and that a choice of the sign ηi = ±
of the energy [namely on which of the two topologically disjoined branches of the mass-
hyperboloid is the particle] has been done. These models describe only one of the 2N
branches of the mass spectrum of the N particle system (there is a different model for
each branch), before that the interactions become so strong to cause branch-crossing (zero
energy gap; pair production at the quantum level). Therefore, these models allow a genuine
consistent formulation of “relativistic particle mechanics” with a definite sign of the energy
of the particles, with relativistic kinetic energies
√
m2i + ~κ
2
i and already oriented to the
canonical formulation of general relativity. Since the mass spectrum has only one branch,
there is no problem with pair production. In a sense this is a consistent classical realization
of the quenched approximation in lattice gauge theory: due to the Grassmann character
of the charges one does not only ignore the fermion loops but also all the effects of the
same order in the charges. The only problem, present with scalar interactions modifying the
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mass (
√
m2i + ~κ
2
i 7→
√
m2i + V + ~κ
2
i ), is that the modified kinetic energy must remain real.
All the consistent couplings to the electromagnetic field on spacelike hypersurfaces are in
accord with quenched approximation (no pair production). See Ref. [9] for the connection
of this description of N scalar particle systems with the Feshbach-Villars diagonalization of
the Klein-Gordon equation [17], which confirms what has been said about the couplings to
the electromagnetic field.
What is still lacking is the quantization of this approach to get a consistent “quantum
relativistic mechanics”, due to the complications of the square root in the kinetic term.
However, the starting point, i.e. the quantization of the free particle, has been realized in
Ref. [18] by using pseudodifferential operators in a scheme consistent with the reformulation
on spacelike hypersurfaces [see Refs. [19] for what is known with a Coulomb potential added
to the kinetic term]: the resulting nonlocal quantum theory may also be second quantized
with microcausality replaced by macrocausality [the commutator of two field operators at
spacelike separation decreases exponentially to zero when the spacelike separation exceeds
the Compton wavelength in a qualitative accord with the problematic of the Mo¨ller radius].
To get the description of the standard model on spacelike hypersurfaces one still needs
the formulation of fermions on them. This is also needed for treating the fermions in general
relativity: given their coupling to tetrad gravity [see for instance Refs. [20,21]; the canon-
ical reduction of tetrad gravity in under investigation [22]] one needs this formulation to
arrive at the ADM canonical formalism based on 3+1 splittings of the globally hyperbolic
asymptotically flat spacetime [see Refs. [23] for what is known on the subject].
Before studying Dirac fermion fields, in this paper we shall give the description of the
positive energy spinning particle on spacelike hypersurfaces, with the spin described by
Grassmann variables. It corresponds to study the pseudoclassical basis of either the positive
or negative solutions of the Dirac equation in first quantization. The nonrelativistic limit
corresponds to a Pauli spinning particle [24,25].
In Section II we review the standard spinning particles with the spin described by Grass-
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mann variables, giving some properties of their pseudoclassical description and a discussion
of how to separate the two branches of their mass spectrum.
In Section III we study N spinning particles with Grassmann-valued electric charges plus
the electromagnetic field on spacelike hypersurfaces and we find the form of the lacking odd
second class constraints needed to get that their spin structure is described by Pauli matrices
after quantization.
In Section IV the previous system is restricted firstly to spacelike hyperplanes and sec-
ondly to theWigner ones, obtaining the rest-frame description in which the spinning particles
have nonminimal couplings only of the type “spin - magnetic field” like the nonrelativistic
Pauli particles. The nonrelativistic limit is shown explicitly.
In Section V the Dirac observables with respect to electromagnetic gauge transformations
and their equations of motion are obtained.
In Section VI the Lienard-Wiechert potentials produced by these charged spinning par-
ticles in the rest-frame description are evaluated.
In the Conclusions we introduce the problem of how to quantize spinning particles pre-
serving their fibered spin structure, namely a spin structure (described by Grassmann vari-
ables) over a scalar particle tracing a worldline in Minkowski spacetime [in analogy to the
pseudoclassical photon [26]]. It seems that there is an incompleteness in our quantum de-
scription of fermions (either first quantized Dirac wave functions or second quantized Dirac
fields) regarding their ability to generate not only a spin structure but also trajectories in
Minkowski spacetime like the ones of charged leptons in particle detectors (or more in general
the spacetime trajectories of electric currents). This problem will be treated elsewhere.
In the Appendix there is a review of the Foldy-Wouthuysen, Cini-Touschek and chiral
representations of Dirac matrices from the pseudoclassical point of view.
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II. OLD MASSIVE SPINNING PARTICLES.
The use of Grassmann variables for the spin of the spinning particles started with Berezin
and Marinov [27]. In the case of spin 1/2 one speaks of pseudoclassical description of the
electron. Then, the spinning particle was described in various forms [28–30] all utilizing
Grassmann variables. We shall not consider either other descriptions of spin 1/2 with tools
different from Grassmann variables or models for spinning particles using bosonic variables
like rotators (only integer spins, usually towers of spins, are obtained at the quantum level).
In Ref. [28], a Lagrangian was given depending on a bosonic position xµ(τ) and on 5 real
Grassmann variables ξµ(τ) and ξ5(τ):
L = − i
2
ξ5ξ˙5 − i
2
ξµξ˙
µ −m
√(
x˙µ − i
m
ξµξ˙5
)2
, S =
∫
dτL, (1)
where x˙µ = ∂
∂τ
xµ; the canonical momenta are pµ = − ∂L∂x˙µ = m
x˙µ− im ξµξ˙5√(
x˙µ− im ξµξ˙5
)2 , πµ =
∂L
∂ξ˙µ
= i
2
ξµ, π5 =
∂L
∂ξ˙5
= i
2
ξ5 − impµξµ. There is a local supersymmetry invariance of
the action (the local transformations are ξµ −→ ξµ + ǫ5(τ)pµ/m, ξ5 −→ ξ5 + ǫ5(τ),
xµ −→ xµ + im2 ǫ5(τ)pµξ5− imǫ5(τ)[ξµ− 1mpµξ5] ) but no manifest world-line supersymmetry.
The geometrical interpretation is that one has a fibered structure: over each point of the
timelike worldline of a scalar point particle in Minkowski spacetime there is a Grassmann
algebra G5 with generators ξ
µ, ξ5, as a standard fiber describing the spin structure.
In phase space, after the elimination of the second class constraints (the Lagrangian is
of first order in Grassmann velocities) χµ = πµ − i2ξµ ≈ 0 and χ5 = π5 + i2ξ5 ≈ 0 (this last
constraint does not appear explicitly but it is a constant of the motion which has to be put
equal zero by hand as required by the number of zero eigenvalues of the Hessian matrix and to
get the same set of solutions from the Euler-Lagrange and Hamilton equations), one arrives
at the Dirac brackets {xµ, pν}∗ = −ηµν , {ξµ, ξν}∗ = iηµν , {ξ5, ξ5}∗ = −i, from the original
Poisson brackets {xµ, pν} = {ξµ, πν} = −ηµν , {π5, ξ5} = −1 [the odd-odd Poisson brackets
are symmetric]. After quantization [31], these Dirac brackets become [ξµ, ξν ]+ = −h¯ηµν ,
[ξµ, ξ5]+ = 0, [ξ5, ξ5]+ = h¯, so that the Grassmann variables give rise to the Dirac matrices
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√
h¯
2
γ5γ
µ and
√
h¯
2
γ5 respectively.
There are two first class constraints: i) χ = p2 −m2 ≈ 0 (from repametrization invari-
ance); ii) χD = pµξ
µ − mξ5 ≈ 0 (from the local supersymmetry invariance); with the only
nonvanishing Poisson bracket {χD, χD}∗ = iχ (in this sense χD is the square root of χ).
The Dirac Hamiltonian is HD = λ(τ)χ+ iλD(τ)χD, with λD(τ) an odd real Dirac multiplier
and one has ξ˙µ
◦
= {ξµ, HD}∗ = λD(τ)pµ, ξ˙5 ◦= λD(τ)m showing that both ξµ and ξ5 are gauge
dependent (
◦
= means evaluated on the solutions). The conserved Poincare´ generators are
pµ, Jµν = Lµν + Sµν , Lµν = −pµxν + pνxµ, Sµν = −πµξν + πνξµ χµ≡χ5≡0= −iξµξν [the com-
ponents of the Lorentz generators satisfy {Lµν , Lαβ}∗ = Cµναβγδ Lγδ, {Sµν , Sαβ}∗ = Cµναβγδ Sγδ,
where Cµναβγδ are the structure constants of the Lorentz algebra] with the spin 3-vector
Si =
1
2
ǫijkSjk ⇒ ~S = − i2~ξ ∧ ~ξ. Since S˙µν
◦
= iλD(τ)(ξ
µpν − ξνpµ), the spin tensor is gauge
dependent, as it should because its boost part cannot be independent from the spin part for
a point particle with a definite spin.
Concerning the position xµ, its equations of motion are x˙µ
◦
= {xµ, HD}∗ = −2λ(τ)pµ −
iλD(τ)ξ
µ. This shows that superimposed to the free motion with velocity propor-
tional to the 4-momentum there is a zitterbewegung proportional to ξµ. The pseu-
doclassical Foldy-Wouthuysen mean position [32] (see also Ref. [33]) is xoM = x
o,
xiM = x
i − pipk+δik
√
~p2+m2(
√
~p2+m2+m)
(~p2+m2)(
√
~p2+m2+m)
iξkξ5 − iξi~p·~ξ√
~p2+m2(
√
~p2+m2+m)
, because x˙iM
◦
= − [2λ(τ) +
iλD(τ)
mξ5+~p·~ξ
~p2+m2
]pi, x˙oM
◦
= − 2λ(τ)po − iλD(τ)ξo; if we choose λD(τ) = α(τ)ξo, so that
ξo(pµξ
µ − mξ5) 7→ Hˆ = ~p · ~α + mβ [see Refs. [28,34]], we have x˙oM ◦= − 2λ(τ)po. The
spin tensor has the following two decompositions Jµν = Lµν + Sµν = LµνM + S
µν
M with
LµνM = x
µ
Mp
ν−xνMpµ and SoiM = Soi−po[p
ipk+δ
i
k
√
~p2+m2(
√
~p2+m2+m)
(~p2+m2)(
√
~p2+m2+m)
iξkξ5+
iξi~p·~ξ√
~p2+m2(
√
~p2+m2+m)
],
SijM = S
ij +
δi
k
pj−δj
k
pi√
~p2+m2
iξkξ5 +
i(ξipj−ξjpi)~p·~ξ√
~p2+m2(
√
~p2+m2+m)
(it is the Foldy-Wouthuysen mean spin ten-
sor). While LµνM and S
µν
M are both constants of the motion [for L
oi
M and S
oi
M the choice
λD(τ) = α(τ)ξ
o is needed], neither Lµν nor Sµν are constants due to zitterbewegung. See
chapter 2 section C of Ref. [35], chapter 1 sections 1.6, 1.7, 1.8 of Ref. [36] and Ref. [37].
At the quantum level the constraint χD becomes the Dirac equation γ5(γ
µpˆµ−m)ψ(x) = 0
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[pˆµ = i∂µ; from now onˆwill denote operators], whose square (pˆ
2−m2)ψ(x) = 0 is consistent
with the quantization of the constraint χ. However, it is disturbing that no trace of the
pseudoclassical fibration describing the spin structure is present in the quantum description:
the Dirac spinor naturally describes only the spin structure and does not seem able to trace
a worldline in Minkowski spacetime.
Since on spacelike hypersurfaces (and, in particular, on the Wigner hyperplanes orthogo-
nal to the 4-momentum and defining the rest frame) one must choose the sign of the energy
of the spinning particle and since to describe a (1
2
, 0) particle one needs to reduce the Clifford
algebra C5 associated with the Dirac matrices to a Clifford algebra C3 associated with Pauli
matrices, let us look for a canonical transformation to the rest frame which could help in
this job. Since we can restrict ourselves to timelike pµ due to χ ≈ 0, we can use the stan-
dard Wigner boost for timelike Poincare´ orbits [13] Lµν(p,
o
p) = ηµν + 2
pµ
o
pν
ǫ2
− (pµ+
o
p
µ
)(pν+
o
pν)
ǫ(ǫ+po)
,
where
o
p
µ
= (ǫ,~0), ǫ = η
√
p2, η = sign po = ±1. If we denote ǫµA(u(p)) = LµA(p, op) with
ǫµo (u(p)) = u
µ(p) = pµ/ǫ, this new canonical transformation maps the canonical basis xµ,
pµ, ξµ, ξ5, in the new canonical basis (see Refs. [13,8] for the definition of x˜
µ)
x˜µ = xµ +
1
2
ǫνA(u(p))η
AB ∂ǫ
ρ
B(u(p))
∂pµ
Sρν =
= xµ − 1
ǫ(po + ǫ)
[pνS
νµ + ǫ(Soµ − Soν pνp
µ
ǫ2
)],
pµ = pµ,
ξ˜τ =
pµξ
µ
ǫ
,
ξ˜r = ǫ
µ
r (u(p))ξµ,
ξ5 = ξ5,
{x˜µ, pν}∗ = −ηµν , {ξ5, ξ5} = −i,
{ξ˜τ , ξ˜τ}∗ = i, {ξ˜r, ξ˜s}∗ = −iδrs. (2)
As shown in Ref. [13], ξ˜r is a Wigner spin 1 3-vector. The rest-frame spin tensor [8] is S¯AB =
ǫµA(u(p))ǫ
ν
B(u(p))Sµν = −iξ˜Aξ˜B [ξ˜A = (ξ˜τ ; ξ˜r)] with S¯r = − i2ǫruv ξ˜uξ˜v and S¯τr = −iξ˜τ ξ˜r. The
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noncovariant variable [13,8] x˜µ and its momentum pµ may be replaced by the canonical
basis [13] ǫ = η
√
p2, T = pµx˜
µ/ǫ = pµx
µ/ǫ, ~k = ~u(p), ~z = ǫ(~˜x − ~p
po
x˜o); T is the rest-frame
Lorentz scalar time and the noncovariant variable ~z is the mass multiplied by the classical
analogue of the Newton-Wigner position operator (it gives the independent Cauchy data for
the 3-position).
In the new variables the constraints become χ = p2 − m2 = (ǫ − m)(ǫ + m) ≈ 0 and
χD = ǫ(ξ˜τ − mǫ ξ5) ≈ 0, so that, if η = sign po, they may be replaced by the two pairs
χ˜η = ǫ− ηm ≈ 0,
χ˜ηD = ξ˜τ − ηξ5 ≈ 0,
{χ˜η, χ˜η}∗ = {χ˜η, χ˜ηD}∗ = {χ˜ηD, χ˜ηD}∗ = 0, (3)
describing the two disjoined branches of the mass hyperboloid. For each branch the Dirac
Hamiltonian is HηD = λη(τ)χ˜η(τ) + iληD(τ)χ˜ηD with the following Hamilton equations for
the Grassmann variables :
˙˜
ξτ
◦
= {ξ˜τ , HηD}∗ = ληD, ξ˙5 ◦= ηληD, ˙˜ξr ◦=0. These equations show
that both ξ˜τ and ξ5 are gauge variables on a chosen branch of the mass hyperboloid (where
the spin has to be described only by 3 Grassmann variables giving rise after quantization to
the Clifford algebra C3 of Pauli matrices). Therefore, one can add the gauge-fixing constraint
ρη = ξ˜τ + ηξ˜5 ≈ 0 [{ρη, χ˜ηD}∗ = 2i, {ρη, ρη}∗ = 0], implying
ξ˜τ ≈ 0, ξ5 ≈ 0. (4)
On each branch the new Dirac brackets [such that ξ˜τ = ξ5 ≡ 0] are {A,B}∗∗η = {A,B}∗ +
i
2
[{A, χ˜ηD}∗{ρη, B}∗ + {A, ρη}∗{χ˜ηD, B}∗], so that only the variables x˜µ, pµ, ξ˜r are left with
{x˜µ, pν}∗∗η = −ηµν , {ξ˜r, ξ˜s}∗∗η = −iδrs and Dirac Hamiltonian HηD = λη(τ)χ˜η.
Now one has S¯τr ≡ 0 [the boost part of the spin tensor disappears, because ξ˜τ ≈ 0
implies pµS
µν ≈ 0 in this gauge], S¯rs = −iξ˜rξ˜s, S¯r = − i2ǫruv ξ˜uξ˜v, and then [8] one gets:
i) x˜µ = xµ − 1
ǫ
[ηµA(S¯
τA − S¯Arpr
po+ǫ
) + p
µ+2ǫηµo
ǫ(po+ǫ)
S¯τrpr] ≡ xµ + ηµs S¯srpr
ǫ(po+ǫ)
= xµ + ηµs
(~¯S×~p)s
ǫ(po+ǫ)
and ~z =
11
ǫ[~x+
~¯S×~p
ǫ(po+ǫ)
− ~p
po
xo] [x˜o = xo] for the noncovariant positions; ii) pµ, J ij = x˜ipj−x˜jpi+δirδjsS¯rs,
Joi = x˜opi − x˜ipo − δir(~¯S×~p)r
po+ǫ
for the Poincare´ generators.
Let us remark that in the original variables the same result can be obtained by adding
the gauge-fixing ρD = pµξ
µ + mξ5 ≈ 0 to the first class constraint χD = pµξµ − mξ5 ≈
0. One has {χD, χD}∗ = {ρD, ρD}∗ = iχ, {χD, ρD}∗ = i(p2 + m2) ≈ 2im2, so that the
elimination of these two second class constraints implying pµξ
µ ≈ 0 and ξ5 ≈ 0, gives the
Dirac brackets {A,B}∗∗ = {A,B}∗ + i(p2+m2)
(p2+m2)2−χ2 [{A, χD}∗{ρD, B}∗ + {A, ρD}∗{χD, B}∗] −
iχ
(p2+m2)2−χ2 [{A, χD}∗{χD, B}∗ + {A, ρD}∗{ρD, B}∗]. However, it is not possible to eliminate
one component of ξµ ≡ ξµ⊥ = (ηµν − p
µpν
p2
)ξν without breaking Lorentz covariance; moreover,
one gets {xµ, xν}∗∗ 6= 0, {xµ, pν}∗∗ 6= −ηµν .
Quantizing one gets [ˆ˜ξr,
ˆ˜ξs]+ = h¯δrs, so that ξ˜r 7→
√
h¯
2
σr, with σr being Pauli matrices
(transforming as Wigner spin 1 3-vectors under Lorentz transformations). Therefore, this
is the pseudoclassical description of massive spinning particles belonging to the (1
2
, 0) (for
η = 1) and (0, 1
2
) (for η = −1) representation of SL(2,C). Since only the constraint χ˜η =
ǫ−ηm ≈ 0 is left, at the quantum level one has only the wave equation (i ∂
∂T
−ηm)ψη(T, ~z) = 0
with ψη a SU(2) 2-spinor. This equation, defining the mass shell, is not a spinor equation,
because such an equation does not exist in the massive case with massive 2-spinors [in the
massless case it would be the Weyl equation]. See Ref. [13] for the study of the wave functions
φ(T, ~z), φ(ǫ,~k), associated with the replacement of x˜µ, pµ, with T, ǫ, ~z,~k. In the momentum
basis the wave equation becomes (after multiplication by η) (ηǫ − m)ψη(ǫ,~k) = 0 or, by
introducing the 4 × 4 matrix γτ(cha) =

 1 0
0 −1

 , [ǫγτ(cha) −m]ψ(cha)(ǫ,~k) = 0 with ψ(cha) =

 ψ(cha)+
ψ(cha)−

. This is the Chakrabarti’s representation [38], which, as noted in this paper,
coincides with the Shirokov’s representation [39] for spin 1/2. It is obtained from the Dirac
equation in momentum space (pµγ
µ −m)ψ(p) = 0 by diagonalizing pµγµ with a similarity
transformation generated by Uˆ(cha) = e
iSˆ(cha) = 1√
2m(po+m)
[γoγµpµ + m] [p
o =
√
~p2 +m2];
the quantum Poincare´ generators are just the quantization of the classical ones just given
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with ~¯S 7→ 1
2
~σ. In Ref. [38] it is shown that ψ(cha)(p) = Uˆ(cha)ψ(p) = [Q(L(
◦
p, p))ψ](p) =
Q(p, L(
◦
p, p)))ψ(p), since a homogeneous Lorentz transformation may be written as U(Λ) =
Q(Λ)T (Λ) with [T (Λ)ψ](p) = ψ(Λ−1p) and [Q(Λ)ψ](p) = Q(p,Λ)ψ(p); namely ψ(cha)(p) is
obtained by boosting at rest ψ(p) with the Wigner boost, consistently with our previous
classical canonical transformation. The variable ~˜x [or ~z] goes into a quantum position
operator ~ˆx(cha), which can be obtained from the standard operator ~ˆx by means of Uˆ(cha).
Since the parity operator γτ(cha) is diagonal in the Chakrabarti representation, ±ψ(cha)± are
parity eigenstates and also eigenstates of spin, ~Σ(cha) = γ5(cha)γ
τ
(cha)~γ(cha) =

 ~σ 0
0 ~σ

 and
helicity h(~p) = ~p · ~Σ(cha)/|~p| [they are mixed by charge conjugation C(cha) = iγ2(cha)γτ(cha) and
by chirality γ5(cha) =

 0 1
1 0

].
It is evident that this representation is different from the Foldy-Wouthuysen one [32],
which is reviewed in the Appendix together with other relevant representations.
Instead in Ref. [29], one starts with the Lagrangian
L
′
=
1
2
{ x˙
2
e
+ em2 − i(ξµξ˙µ − ξ5ξ˙5)− iϕ(ξµx˙
µ
e
−mξ5)}, (5)
where e and ϕ are Lagrange multipliers ensuring the existence of two first class constraints
p2 − m2 ≈ 0 and pµξµ − mξ5 ≈ 0. The canonical momenta are πµ = i2ξµ, π5 = − i2ξ5,
pµ = −1
e
[x˙µ − i
2
ϕξµ]; elimination of the Grassmann second class constraints gives the same
Dirac brackets and the same quantization as before. Now there is manifest local world-
line supersymmetry (invariance under N=1 superdiffeomorphisms), namely the action is
invariant under the local infinitesimal transformations δxµ = iα(τ)ξµ, δξµ = α(τ)[ x˙
µ
e
−
i
2e
ϕξµ], δe = iα(τ)ϕ, δϕ = 2α˙(τ), δξ5 = α(τ)[m+
i
me
ξ5(ξ˙5 − 12mϕ)].
In Ref. [40] it is shown that the action S
′
=
∫
dτL
′
can be put in a superfield form.
If one introduces the 3 superfields Xµ = xµ + θξµ, E = e + θϕ (e and ϕ are called the
einbein and the gravitino respectively), B = ξ5 + θb5 [b5 is an even auxiliary field needed
because the supersymmetry transformations close on ξ5 only on-shell], and if D = ∂θ + θ∂τ
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[D2Xµ = ∂τX
µ = X˙µ] is the spinor derivative, one gets
S
′
=
1
2
∫
dτdθ[E−1DXµ X˙µ −BDB + 2mBE1/2]. (6)
The main point to be observed is that the superfield Xµ may be interpreted as giving
a representation of the Grassmann fibration over xµ associated with the spin structure [the
absence of ξ5 is irrelevant because one can get the Clifford algebra C4 of Dirac matrices also
starting from a Grassmann algebra G4 with generators ξ
µ 7→
√
h¯
2
γµ]. Namely one utilizes
the Noether supersymmetry transformations but with an interpretation different from the
standard one [formation of supermultiplets of different bosonic and fermionic particles].
Let us remark that the Dirac Hamiltonian HD = λ(τ)χ + iλD(τ)χD associated with the
Lagrangian (1) may be interpreted as a Hamiltonian superfield describing the spin structure
with the two first class constraints.
In Ref. [41] one tries to eliminate the superfields E and B by putting the solution of their
Euler-Lagrange equations in S
′
. Then, there is a long discussion about the various forms of
the reduced action according to possible gauge redefinitions. However a definite final form
of the action without ξ5 is not obtained [it seems that ξ5 can be explicitly eliminated only
in the massless case [42,29]]. Instead, there is the proposal of using a Lagrangian which may
be written in the form
L = −m
√
x˙2 − i
2
ξµξ˙
µ − iλx˙µξµ (7)
where λ(τ) is an odd real Lagrange multiplier implying the Lagrangian constraint x˙µξµ
◦
=0.
This constraint eliminates one of the components of ξµ, so that the quantization of the
final theory will produce Pauli matrices and SU(2) 2-spinors. The canonical momenta are
pµ = mx˙
µ√
x˙2
+ iλξµ, πµ =
i
2
ξµ, p
λ = 0 [{λ, pλ} = −1] and there are the primary constraints
χ = p2 − m2 − 2iλpµξµ ≈ 0, χµ = πµ − i2ξµ ≈ 0, pλ ≈ 0 . The Dirac Hamiltonian
HD = a(τ)χ+ ib
µ(τ)χµ+ c(τ)p
λ implies the secondary constraint φ = pµξ
µ ≈ 0 and bµ(τ) =
−a(τ)pµλ; the time constancy of φ ≈ 0 generates the tertiary constraint λ ≈ 0 and then
c(τ) ≈ 0. The second class constraints λ ≈ 0, pλ ≈ 0, can be trivially eliminated. The
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Dirac Hamiltonian becomes HD = a(τ)(p
2 − m2). The remaining constraints χ = p2 −
m2 ≈ 0, χµ = πµ − i2ξµ ≈ 0, φ = pµξµ ≈ 0, have only the following nonzero Poisson
brackets: {χµ, χν} = iηµν , {χµ, φ} = −pµ . While χ is first class, there are 5 second class
constraints. By introducing the projector Πµν = ηµν − (pµpν)/p2 , the 4 χµ can be replaced
by pµπ
µ ≈ 0 and by χ⊥µ = Πµνχν ≈ 0 [pµχ⊥µ ≡ 0], with the algebra {χ⊥µ, χ⊥ ν} = iΠµν ,
{pµπµ, φ} = −p2. The constraints φ = pµξµ ≈ 0 and pµπµ ≈ 0 form a second class pair,
while each of the independent χ⊥µ ≈ 0 is second class by itself. With the Dirac brackets
{A,B}∗ = {A,B} + i{A, χ⊥µ}Πµν{χ⊥ ν , B} + 1p2{A, χˆ}{φ,B} + 1p2{A, φ}{χˆ, B}, one gets
pµξ
µ = pµπ
µ ≡ 0, Πµνπν ≡ i2ξ⊥µ with ξµ⊥ = Πµνξν ≡ ξµ, and {ξµ⊥, ξν⊥}∗ = iΠµν . However,
again this reduction, implying that only the 3 Grassmann variables ξµ⊥ survive, has the
drawback that {xµ, xν}∗ 6= 0, {xµ, pν}∗ 6= −ηµν .
Therefore, starting either from Eq.(1) or from Eq.(7) one arrives at a description without
ξ5 and with pµξ
µ ≈ 0 for a spinning particle with a definite sign of the energy.
In Ref. [28] there is the coupling of the spinning particle to external electromagnetic
fields. It is based on the Lagrangian
L = − i
2
ξ5ξ˙5 − i
2
ξµξ˙
µ +
−
√
m2 − ieFµν(x)ξµξν
√(
x˙µ − i
m
ξµξ˙5
)2 − ex˙µAµ(x) =
= − i
2
ξ5ξ˙5 − i
2
ξµξ˙
µ − ex˙µAµ(x)−
−
[
m− ie
2m
Fµν(x)ξ
µξν − e
2
m3
Fµν(x)Fρλ(x)ξ
µξνξρξλ
]√(
x˙µ − i
m
ξµξ˙5
)2
, (8)
which, besides the standard minimal coupling, has a nonminimal “mass renormalization”
−ieFµνξµξν = eFµνSµν . The ie coefficient in front of Fµνξµξν , corresponding to the absence
of an anomalous magnetic moment of the electron, is the only one ensuring that the two
constraints remain first class even in presence of an external electromagnetic field.
Indeed, besides the second class constraints πµ − i2ξµ ≈ 0 and the added one (like in
the free case) π5 +
i
2
ξ5 ≈ 0 [eliminated by going to the Dirac brackets {ξµ, ξν}∗ = iηµν ,
{ξ5, ξ5}∗ = −i], one gets the first class constraints
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χD = (pµ − eAµ(x))ξµ −mξ5 ≈ 0
χ = (p− eA(x))2 −m2 + ieFµν(x)ξµξν ≈ 0,
{χD, χD}∗ = iχ, {χ, χ}∗ = {χ, χD}∗ = 0. (9)
Following the pattern of the free case one could try to eliminate 2 Grassmann variables
by adding the gauge-fixing ρD = (p−eA(x))µξµ+mξ5 ≈ 0 with {ρD, ρD}∗ = iχ, {χD, ρD}∗ =
(p−eA(x))2+m2+ieFµν(x)ξµξν . This would imply ξ5 ≈ 0 and (p−eA(x))µξµ ≈ 0. By going
to Dirac brackets one would have ξµ ≡ ξµ⊥(A) = [ηµν − (p−eA(x))
µ(p−eA(x))ν
(p−eA(x))2 ]ξν . Besides getting
{xµ, xν}∗∗ 6= 0, {xµ, pν}∗∗ 6= −ηµν , one has a external-potential dependent transversality
condition and no control on the possible zeroes of (p− eA(x))2.
One could also try to go to the Chakrabarti representation but now with a pµ
which is not conserved and gauge dependent [AA(x, p) = Aµ(x)L
µ
A(p,
◦
p); F˜AB(x, p) =
Fµν(x)L
µ
A(p,
◦
p)LνB(p,
◦
p)] one gets
χ = ǫ2 − 2eAτ (x, p)ǫ+ e2[A2τ (x, p)− ~A2(x, p)]−m2 + ieF˜AB(x, p)ξ˜Aξ˜B =
= (ǫ− ǫ+)(ǫ− ǫ−) ≈ 0,
ǫη = ǫ± = eAτ (x, p) + η
√
m2 + e2 ~A2(x, p)− ieF˜AB(x, p)ξ˜Aξ˜B =
= eAτ (x, p) + η
√
m2 + e2 ~A2(x, p)[1− ieF˜AB(x, p)ξ˜
Aξ˜B
2[m2 + e2 ~A2(x, p)]
−
−e
2F˜τr(x, p)F˜uv(x, p)ξ˜τ ξ˜rξ˜uξ˜v
2[m2 + e2 ~A2(x, p)]2
],
χD = [ǫ− eAτ (x, p)]ξ˜τ + eAr(x, p)ξ˜r −mξ5 ≈ 0,
⇓
χη = ǫ− ǫη ≈ 0,
χηD = ξ˜τ − ηmξ5 − eAr(x, p)ξ˜r√
m2 + e2 ~A2(x, p)
[1 +
+
ieF˜AB(x, p)ξ˜
Aξ˜B
2[m2 + e2 ~A2(x, p)]
+
3e2F˜τr(x, p)F˜uv(x, p)ξ˜τ ξ˜rξ˜uξ˜v
2[m2 + e2 ~A2(x, p)]2
], (10)
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and the calculations become quite involved. Moreover, the separation of ǫ = η
√
p2 (now not
gauge invariant) is natural from the point of view of the particle but not natural from that
of the gauge-fixing ρD ≈ 0 and one has no control on the reality of the square roots.
All these problems are connected to the fact that, in presence of external electromagnetic
fields, one cannot diagonalize the Hamiltonian with the Foldy-Wouthuysen transformation,
because arbitrary electric fields may create crossings of the two branches of the mass hy-
perboloid (so that the square roots may become complex; all this is interpreted as the
classical background of pair production). In Ref. [34] there is a study of the pseudoclassi-
cal Foldy-Wouthuysen transformation in presence of external electromagnetic fields. It is
shown that at the pseudoclassical level everything works with arbitrary external station-
ary non-homogeneous magnetic fields: the quantization gives rise to a Foldy-Wouthuysen
transformation which diagonalizes the Hamiltonian if these external magnetic fields are also
radiation fields (i.e. they satisfy Maxwell’s equations without sources). See chapter 5 sec-
tions 5.4, 5.5, 5.6 of Ref. [36] for the cases (supersymmetric Dirac operator) in which there
exist simultaneous exact Foldy-Wouthuysen and Cini-Touschek transformations; for an elec-
tron this requires zero electric field.
Finally also the electric charge of the spinning particle may be described at the pseu-
doclassical level (quantization of charge) with a pair θ, θ∗, of complex Grassmann variables
[see for instance Refs. [28,8]]
L =
i
2
(θ∗θ˙ − θ˙∗θ)− i
2
ξ5ξ˙5 − i
2
ξµξ˙
µ −
−
√
m2 − iQFµν(x)ξµξν
√(
x˙µ − i
m
ξµξ˙5
)2 −Qx˙µAµ(x),
Q = eθ∗θ. (11)
Now there are the extra pairs of second class constraints πθ +
i
2
θ∗ ≈ 0, πθ∗ + i2θ ≈ 0;
the Poisson brackets {θ, πθ} = {θ∗, πθ∗} = −1 become the Dirac brackets {θ, θ∗}∗ = −i.
The quantization sends θ, θ∗, in the annihilation and creation operators bˆ, bˆ†, of a Fermi
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oscillator, so that the quantum electric charge Qˆ = ebˆ†bˆ has two levels: Q=0 and Q=e.
18
III. NEW SPINNING PARTICLE ON SPACELIKE HYPERSURFACES.
To define a charged spinning particle with a definite sign of the energy on spacelike
hypersurfaces, we shall start with the Lagrangian description of a charged scalar particle
[see Refs. [8,9]] with a real Grassmann 4-vector ξµ(τ) [but without ξ5] for the description
of spin, we shall make the Legendre transformation to the Hamiltonian formalism and then
we shall add a Hamiltonian odd second class constraint (like pµξ
µ ≈ 0 of the previous
Section) eliminating one of the components of ξµ. At the end of the Section we shall find
the Lagrangian for this system, by making the inverse Legendre transformation, only in the
free case, because the full Lagrangian with also the electromagnetic field is too complicated
and not illuminating. As usual in relativistic particle mechanics, only the Hamiltonian
description is tractable, because the Lagrangian one is too involved and very often it is
impossible to get it in closed form.
Let us first review some preliminary results from Refs. [8,9] needed in the description
of physical systems on spacelike hypersurfaces, integrating it with the definitions needed to
describe the isolated system of N scalar particles with pseudoclassical Grassmann-valued
spin and electric charges plus the electromagnetic field [8].
Let {Στ} be a one-parameter family of spacelike hypersurfaces foliating Minkowski space-
time M4 and giving a 3+1 decomposition of it. At fixed τ , let zµ(τ, ~σ) be the coordinates
of the points on Στ in M
4, {~σ} a system of coordinates on Στ . If σAˇ = (στ = τ ;~σ = {σrˇ})
[the notation Aˇ = (τ, rˇ) with rˇ = 1, 2, 3 will be used; note that Aˇ = τ and Aˇ = rˇ = 1, 2, 3
are Lorentz-scalar indices] and ∂Aˇ = ∂/∂σ
Aˇ, one can define the vierbeins
zµ
Aˇ
(τ, ~σ) = ∂Aˇz
µ(τ, ~σ), ∂Bˇz
µ
Aˇ
− ∂AˇzµBˇ = 0, (12)
so that the metric on Στ is
gAˇBˇ(τ, ~σ) = z
µ
Aˇ
(τ, ~σ)ηµνz
ν
Bˇ(τ, ~σ), gττ (τ, ~σ) > 0,
g(τ, ~σ) = −det || gAˇBˇ(τ, ~σ) || = (det || zµAˇ(τ, ~σ) ||)
2,
γ(τ, ~σ) = −det || grˇsˇ(τ, ~σ) ||. (13)
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If γ rˇsˇ(τ, ~σ) is the inverse of the 3-metric grˇsˇ(τ, ~σ) [γ
rˇuˇ(τ, ~σ)guˇsˇ(τ, ~σ) = δ
rˇ
sˇ ], the inverse
gAˇBˇ(τ, ~σ) of gAˇBˇ(τ, ~σ) [g
AˇCˇ(τ, ~σ)gcˇbˇ(τ, ~σ) = δ
Aˇ
Bˇ
] is given by
gττ(τ, ~σ) =
γ(τ, ~σ)
g(τ, ~σ)
,
gτ rˇ(τ, ~σ) = −[γ
g
gτuˇγ
uˇrˇ](τ, ~σ),
grˇsˇ(τ, ~σ) = γ rˇsˇ(τ, ~σ) + [
γ
g
gτuˇgτ vˇγ
uˇrˇγ vˇsˇ](τ, ~σ), (14)
so that 1 = gτCˇ(τ, ~σ)gCˇτ (τ, ~σ) is equivalent to
g(τ, ~σ)
γ(τ, ~σ)
= gττ (τ, ~σ)− γ rˇsˇ(τ, ~σ)gτ rˇ(τ, ~σ)gτ sˇ(τ, ~σ). (15)
We have
zµτ (τ, ~σ) = (
√
g
γ
lµ + gτ rˇγ
rˇsˇzµsˇ )(τ, ~σ), (16)
and
ηµν = zµ
Aˇ
(τ, ~σ)gAˇBˇ(τ, ~σ)zνBˇ(τ, ~σ) =
= (lµlν + zµrˇ γ
rˇsˇzνsˇ )(τ, ~σ), (17)
where
lµ(τ, ~σ) = (
1√
γ
ǫµαβγz
α
1ˇ z
β
2ˇ
zγ
3ˇ
)(τ, ~σ),
l2(τ, ~σ) = 1, lµ(τ, ~σ)z
µ
rˇ (τ, ~σ) = 0, (18)
is the unit (future pointing) normal to Στ at z
µ(τ, ~σ).
For the volume element in Minkowski spacetime we have
d4z = zµτ (τ, ~σ)dτd
3Σµ = dτ [z
µ
τ (τ, ~σ)lµ(τ, ~σ)]
√
γ(τ, ~σ)d3σ =
=
√
g(τ, ~σ)dτd3σ. (19)
Let us remark that according to the geometrical approach of Ref. [11],one can use
Eq.(16) in the form zµτ (τ, ~σ) = N(τ, ~σ)l
µ(τ, ~σ) + N rˇ(τ, ~σ)zµrˇ (τ, ~σ), where N =
√
g/γ =
20
√
gττ − γ rˇsˇgτ rˇgτ sˇ and N rˇ = gτ sˇγ sˇrˇ are the standard lapse and shift functions, so that
gττ = N
2 + grˇsˇN
rˇN sˇ, gτ rˇ = grˇsˇN
sˇ, gττ = N−2, gτ rˇ = −N rˇ/N2, grˇsˇ = γ rˇsˇ + N rˇN sˇ
N2
,
∂
∂zµτ
= lµ
∂
∂N
+ zsˇµγ
sˇrˇ ∂
∂N rˇ
, d4z = N
√
γdτd3σ.
The rest frame form of a timelike fourvector pµ is
◦
p µ = η
√
p2(1;~0) = ηµoη
√
p2,
◦
p 2 = p2,
where η = sign po. The standard Wigner boost transforming
◦
p µ into pµ is
Lµν(p,
◦
p) = ǫµν (u(p)) =
= ηµν + 2
pµ
◦
pν
p2
− (p
µ +
◦
p
µ
)(pν +
◦
pν)
p· ◦p +p2
=
= ηµν + 2u
µ(p)uν(
◦
p)− (u
µ(p) + uµ(
◦
p))(uν(p) + uν(
◦
p))
1 + uo(p)
,
ν = 0 ǫµo (u(p)) = u
µ(p) = pµ/η
√
p2,
ν = r ǫµr (u(p)) = (−ur(p); δir −
ui(p)ur(p)
1 + uo(p)
). (20)
The inverse of Lµν(p,
◦
p) is Lµν(
◦
p, p), the standard boost to the rest frame, defined by
Lµν(
◦
p, p) = Lν
µ(p,
◦
p) = Lµν(p,
◦
p)|~p→−~p. (21)
Therefore, we can define the following vierbeins [the ǫµr (u(p))’s are also called polarization
vectors; the indices r, s will be used for A=1,2,3 and o¯ for A=0]
ǫµA(u(p)) = L
µ
A(p,
◦
p),
ǫAµ (u(p)) = L
A
µ(
◦
p, p) = ηABηµνǫ
ν
B(u(p)),
ǫo¯µ(u(p)) = ηµνǫ
ν
o(u(p)) = uµ(p),
ǫrµ(u(p)) = −δrsηµνǫνr (u(p)) = (δrsus(p); δrj − δrsδjh
uh(p)us(p)
1 + uo(p)
),
ǫAo (u(p)) = uA(p), (22)
which satisfy
ǫAµ (u(p))ǫ
ν
A(u(p)) = η
µ
ν ,
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ǫAµ (u(p))ǫ
µ
B(u(p)) = η
A
B,
ηµν = ǫµA(u(p))η
ABǫνB(u(p)) = u
µ(p)uν(p)−
3∑
r=1
ǫµr (u(p))ǫ
ν
r(u(p)),
ηAB = ǫ
µ
A(u(p))ηµνǫ
ν
B(u(p)),
pα
∂
∂pα
ǫµA(u(p)) = pα
∂
∂pα
ǫAµ (u(p)) = 0. (23)
The Wigner rotation corresponding to the Lorentz transformation Λ is
Rµν(Λ, p) = [L(
◦
p, p)Λ−1L(Λp,
◦
p)]
µ
ν =

 1 0
0 Rij(Λ, p)

 ,
Rij(Λ, p) = (Λ
−1)
i
j − (Λ
−1)iopβ(Λ−1)βj
pρ(Λ−1)ρo + η
√
p2
−
− p
i
po + η
√
p2
[(Λ−1)oj − ((Λ
−1)oo − 1)pβ(Λ−1)βj
pρ(Λ−1)ρo + η
√
p2
]. (24)
The polarization vectors transform under the Poincare´ transformations (a,Λ) in the
following way
ǫµr (u(Λp)) = (R
−1)rs Λµν ǫνs (u(p)). (25)
In Ref. [8], the system of N charged scalar particles was considered. As said in the
Introduction, on the hypersurface Στ the particles are described by variables ~ηi(τ) such that
xµi (τ) = z
µ(τ, ~ηi(τ)). The electric charge of each particle is described in a pseudoclassical
way [28] by means of a pair of complex conjugate Grassmann variables θi(τ), θ
∗
i (τ) satisfying
[Ii = I
∗
i = θ
∗
i θi is the generator of the Uem(1) group of particle i]
θ2i = θ
∗2
i = 0, θiθ
∗
i + θ
∗
i θi = 0,
θiθj = θjθi, θiθ
∗
j = θ
∗
jθi, θ
∗
i θ
∗
j = θ
∗
j θ
∗
i , i 6= j. (26)
This amounts to assume that the electric charges Qi = eiθ
∗
i θi, Q
2
i = 0, are quantized with
levels 0 and ei [28] as already said.
Let ξµi (τ) i = (1, ..., N) be the Grassmann variables describing the spin of the spinning
particles (they are assumed to commute with the Grassmann variables describing the electric
charges)
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ξµi ξ
ν
i + ξ
ν
i ξ
µ
i = 0, ξ
µ
i ξ
ν
j = ξ
ν
i ξ
µ
j , i 6= j. (27)
On the hypersurface Στ , we describe the electromagnetic potential and field strength
with Lorentz-scalar variables AAˇ(τ, ~σ) and FAˇBˇ(τ, ~σ) respectively, defined by
AAˇ(τ, ~σ) = z
µ
Aˇ
(τ, ~σ)Aµ(z(τ, ~σ)),
FAˇBˇ(τ, ~σ) = ∂AˇABˇ(τ, ~σ)− ∂BˇAAˇ(τ, ~σ) = zµAˇ(τ, ~σ)zνBˇ(τ, ~σ)Fµν(z(τ, ~σ)). (28)
Momentarily disregarding the problem to reduce the ξµi variables to only three for each
particle, we shall assume the following Lagrangian density for the isolated system of N
spinning charged particles plus the electromagnetic field on spacelike hypersurfaces, since it
generalizes the Lagrangian for N charged scalar particles [8] incorporating simultaneously
the main properties of the Lagrangian (8)]
L (τ, ~σ) =
N∑
i=1
δ3(~σ − ~ηi(τ))
{ i
2
(θ∗i (τ)θ˙i(τ)− θ˙∗i (τ)θi(τ))−
i
2
ξµi(τ)ξ˙
µ
i (τ)−
− ηi
√
m2i − iQi(τ)ξµi (τ)ξνi (τ)zA˘µ (τ, ~σ)zB˘ν (τ, ~σ)FA˘B˘(τ, ~σ) ·√
gττ (τ, ~σ) + 2gτ r˘(τ, ~σ)η˙r˘i (τ) + gr˘s˘(τ, ~σ)η˙
r˘
i (τ)η˙
s˘
i (τ)−
−Qi(τ)
(
Aτ (τ, ~σ) + η˙
r˘
iAr˘(τ, ~σ)
)}
−
√
g(τ, ~σ)
4
FA˘B˘(τ, ~σ)FC˘D˘(τ, ~σ)g
A˘C˘(τ, ~σ)gB˘D˘(τ, ~σ). (29)
The main point is to see whether this Lagrangian gives rise to a consistent set of con-
straints, reducing to the constraints for the scalar case of Ref. [8] by eliminating the spin.
The canonical momenta are [Erˇ = Frˇτ and Brˇ =
1
2
ǫrˇsˇtˇFsˇtˇ (ǫrˇsˇtˇ = ǫ
rˇsˇtˇ) are the electric and
magnetic fields respectively; for gAˇBˇ → ηAˇBˇ one gets πrˇ = −Erˇ = E rˇ]
πθi(τ) =
∂LL(τ)
∂θ˙i(τ)
= − i
2
θ∗i (τ)
πθ∗
i
(τ) =
∂LL(τ)
∂θ˙∗i(τ)
= − i
2
θi(τ)
πµi (τ) =
∂LL(τ)
∂ξ˙iµ(τ)
=
i
2
ξµi (τ)
ρµ(τ, ~σ) = − ∂L(τ, ~σ)
∂zµτ (τ, ~σ)
=
N∑
i=1
δ3(~σ − ~ηi(τ))ηimi
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zτµ(τ, ~σ) + zrˇµ(τ, ~σ)η˙
rˇ
i (τ)√
gττ(τ, ~σ) + 2gτ rˇ(τ, ~σ)η˙rˇi (τ) + grˇsˇ(τ, ~σ)η˙
rˇ
i (τ)η˙
sˇ
i (τ)
−
−
N∑
i=1
δ3(~σ − ~ηi(τ))
(iηiQi
2mi
ξρi (τ)ξ
ν
i (τ)z
Aˇ
ρ (τ, ~σ)z
Bˇ
ν (τ, ~σ)FAˇBˇ(τ, ~σ) ·
zτµ(τ, ~σ) + zrˇµ(τ, ~σ)η˙
rˇ
i (τ)√
gττ(τ, ~σ) + 2gτ rˇ(τ, ~σ)η˙
rˇ
i (τ) + grˇsˇ(τ, ~σ)η˙
rˇ
i (τ)η˙
sˇ
i (τ)
+
+
iηiQi
mi
{{ξρi (τ)ξνi (τ)[zτµ(τ, ~σ)(gAˇτgτCˇgBˇDˇ + gAˇCˇgBˇτgτDˇ) +
+zrˇµ(g
AˇrˇgτCˇ + gAˇτgrˇCˇ)gBˇDˇ]zCˇρzDˇν + ξiµ(τ)ξiρ(τ)g
AˇτgBˇDˇzρ
Dˇ
}FAˇBˇ}(τ, ~σ)√
gττ(τ, ~σ) + 2gτ rˇ(τ, ~σ)η˙rˇi (τ) + grˇsˇ(τ, ~σ)η˙
rˇ
i (τ)η˙
sˇ
i (τ)
)
+
+
√
g(τ, ~σ)
4
[(gττzτµ + g
τ rˇzrˇµ)(τ, ~σ)g
AˇCˇ(τ, ~σ)gBˇDˇ(τ, ~σ)FAˇBˇ(τ, ~σ)FCˇDˇ(τ, ~σ)−
− 2[zτµ(τ, ~σ)(gAˇτgτCˇgBˇDˇ + gAˇCˇgBˇτgτDˇ)(τ, ~σ) +
+ zrˇµ(τ, ~σ)(g
AˇrˇgτCˇ + gAˇτgrˇCˇ)(τ, ~σ)gBˇDˇ(τ, ~σ)]FAˇBˇ(τ, ~σ)FCˇDˇ(τ, ~σ)] =
= [(ρν l
ν)lµ + (ρνz
ν
rˇ )γ
rˇsˇzsˇµ](τ, ~σ),
κirˇ(τ) = − ∂L(τ)
∂η˙rˇi (τ)
=
= ηi
√
m2i − iQi(τ)ξµi (τ)ξνi (τ)zAˇµ (τ, ~ηi(τ))zBˇν (τ, ~ηi(τ))FAˇBˇ(τ, ~ηi(τ))
gτ rˇ(τ, ~ηi(τ)) + grˇsˇ(τ, ~ηi(τ))η˙
sˇ
i (τ)√
gττ(τ, ~ηi(τ)) + 2gτ rˇ(τ, ~ηi(τ))η˙rˇi (τ) + grˇsˇ(τ, ~ηi(τ))η˙
rˇ
i (τ)η˙
sˇ
i (τ)
+
+ eiθ
∗
i (τ)θi(τ)Arˇ(τ, ~ηi(τ)),
πτ (τ, ~σ) =
∂L(τ, ~σ)
∂(∂τAτ (τ, ~σ))
= 0
πr˘(τ, ~σ) =
∂L(τ, ~σ)
∂(∂τAr˘(τ, ~σ))
= − γ(τ, ~σ)√
g(τ, ~σ)
γ r˘s˘(τ, ~σ)
(
Fτ s˘ − gτ v˘γ v˘u˘Fu˘s˘
)
(τ, ~σ) +
+
N∑
i=1
δ3(~σ − ~ηi(τ))iηiQi(τ)ξ
µ
i (τ)ξ
ν
i (τ)lµ(τ, ~σ)zs˘ν(τ, ~σ)√
m2i − γ r˘s˘(τ, ~σ)kir˘(τ)kis˘(τ)
γ r˘s˘(τ, ~σ) =
=
γ(τ, ~σ)√
g(τ, ~σ)
γ rˇsˇ(τ, ~σ)(Esˇ(τ, ~σ) + gτ vˇ(τ, ~σ)γ
vˇuˇ(τ, ~σ)ǫuˇsˇtˇBtˇ(τ, ~σ)) +
24
+
N∑
i=1
δ3(~σ − ~ηi(τ))iηiQi(τ)ξ
µ
i (τ)ξ
ν
i (τ)lµ(τ, ~σ)zs˘ν(τ, ~σ)√
m2i − γ r˘s˘(τ, ~σ)kir˘(τ)kis˘(τ)
γ r˘s˘(τ, ~σ). (30)
Let us note that, due to the interaction of the electromagnetic field with the spin, the
electromagnetic momentum πrˇ(τ, ~σ) has an extra term concentrated on the particles.
The following Poisson brackets are assumed
{zµ(τ, ~σ), ρν(τ, ~σ′} = −ηµν δ3(~σ − ~σ
′
),
{AAˇ(τ, ~σ), πBˇ(τ, ~σ
′
)} = ηBˇAˇδ3(~σ − ~σ
′
),
{ηrˇi (τ), κjsˇ(τ)} = −δijδrˇsˇ ,
{θi(τ), πθ j(τ)} = −δij ,
{θ∗i (τ), πθ∗ j(τ)} = −δij ,
{ξµi , πνj } = −δijηµν . (31)
The Grassmann momenta associated with the Grassmann variables describing electric
charges give rise to the second class constraints πθ i +
i
2
θ∗i ≈ 0, πθ∗ i + i2θi ≈ 0 [{πθ i +
i
2
θ∗i , πθ∗ j +
i
2
θj} = −iδij ]; πθ i and πθ∗ i are then eliminated with the help of Dirac brackets
{A,B}∗ = {A,B} − i[{A, πθ i + i
2
θ∗i }{πθ∗ i +
i
2
θi, B}+ {A, πθ∗ i + i
2
θi}{πθ i + i
2
θ∗i , B}] (32)
so that the remaining Grassmann variables have the fundamental Dirac brackets [which we
will still denote {., .} for the sake of simplicity]
{θi(τ), θj(τ)} = {θ∗i (τ), θ∗j (τ)} = 0,
{θi(τ), θ∗j (τ)} = −iδij . (33)
Moreover, we also have the following primary constraints
χµi (τ) = π
µ
i (τ)−
i
2
ξµi (τ) ≈ 0 i = 1, ..., N
πτ (τ, ~σ) ≈ 0
Hµ(τ, ~σ) = ρµ(τ, ~σ)− lµ(τ, ~σ)
[
− 1
2
√
γ(τ, ~σ)
πr˘(τ, ~σ)gr˘s˘(τ, ~σ)π
s(τ, ~σ) +
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+√
γ(τ, ~σ)
4
γ r˘s˘(τ, ~σ)γu˘v˘(τ, ~σ)Fr˘u˘(τ, ~σ)Fs˘v˘(τ, ~σ) +
+
N∑
i=1
δ3(~σ − ~ηi(τ))ηi ·
·
√
m2i − γ r˘s˘(τ, ~σ)(kir˘(τ)−Qi(τ)Ar˘(τ, ~σ))(kis˘(τ)−Qi(τ)As˘(τ, ~σ)) +
+
1
2
√
γ(τ, ~σ)
N∑
i,j=1
δ3(~σ − ~ηi(τ))δ3(~σ − ~ηj(τ)) ·
· ηiηjQi(τ)Qj(τ)ξ
µ
i (τ)ξ
ν
i (τ)lµ(τ, ~σ)ηνβξ
α
j (τ)ξ
β
j (τ)lα(τ, ~σ)√
m2i − γ r˘s˘(τ, ~σ)kir˘(τ)kis˘(τ)
√
m2j − γ r˘s˘(τ, ~σ)kjr˘(τ)kjs˘(τ)
+
+
i√
γ(τ, ~σ)
N∑
i=1
δ3(~σ − ~ηi(τ)) ·
· ηiQi(τ)ξ
µ
i (τ)ξ
ν
i (τ)√
m2i − γ r˘s˘(τ, ~σ)kir˘(τ)kis˘(τ)
lµ(τ, ~σ)zs˘ν(τ, ~σ)π
s˘(τ, ~σ) +
− i
2
N∑
i=1
δ3(~σ − ~ηi(τ)) ηiQi(τ)ξ
µ
i (τ)ξ
ν
i (τ)√
m2i − γ r˘s˘(τ, ~σ)kir˘(τ)kis˘(τ)
·
· zu˘µ(τ, ~σ)zv˘ν(τ, ~σ)γ r˘u˘(τ, ~σ)γ s˘v˘(τ, ~σ)Fr˘s˘(τ, ~σ)
]
+
− γ r˘s˘(τ, ~σ)zs˘µ(τ, ~σ)
[
Fr˘u˘(τ, ~σ)π
u˘(τ, ~σ) +
+
N∑
i=1
δ3(~σ − ~ηi(τ))(kr˘i −Qi(τ)Ar˘(τ, ~σ))
]
≈ 0. (34)
As we see, the component of Hµ(τ, ~σ) along lµ(τ, ~σ) [i.e. orthogonal to Στ ] contains the elec-
tromagnetic energy density and also “spin-spin”, “spin-electric field” and “spin-magnetic
field” interactions. All of them are necessary to get the first class property for these con-
straints. Instead the components of Hµ(τ, ~σ) along zµrˇ (τ, ~σ) [i.e. tangent to Στ ] contain only
the electromagnetic Poynting vector as with scalar particles [8].
The canonical Hamiltonian is
Hc = −
∫
d3σAτ (τ, ~σ)Γ(τ, ~σ) (35)
with Γ(τ, ~σ) = ∂r˘π
r˘(τ, ~σ)−∑Ni=1 δ3(~σ − ~ηi(τ))Qi(τ). The Dirac Hamiltonian is
HD = Hc +
N∑
i=1
µiµ(τ)χ
µ
i (τ) +
∫
d3σ[λµHµ + µτπτ ](τ, ~σ); (36)
since [χµi (τ)]
∗ = −χµi (τ) are immaginary odd quantities, HD is real if the odd multipliers
are real: µ∗iµ(τ) = µiµ(τ).
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Since we have
{χµi (τ), χνj (τ)} = iηµνδij,
{Hµ(τ, ~σ), χνi (τ)} = −lµ(τ, ~σ)[
δ3(~σ − ~ηi(τ))Qi(τ)√
γηi
√
m2i − γ rˇsˇκir(τ)κis(τ)
·
N∑
j=1
δ3(~σ − ~ηj(τ))Qj(τ)lαξαj (τ)√
m2j − γuˇvˇκju(τ)κjv(τ)
(ξjβ(τ)ξ
β
i (τ)l
ν − ξνj (τ)ξβi (τ)lβ) +
+
i√
γ
δ3(~σ − ~ηi(τ))Qi(τ)
ηi
√
m2i − γ rˇsˇκir(τ)κis(τ)
πsˇ(lνzsˇαξ
α
i (τ)− lαzνsˇ ξαi (τ))−
− i δ
3(~σ − ~ηi(τ))Qi(τ)
ηi
√
m2i − γ rˇsˇκir(τ)κis(τ)
zνuˇzvˇβγ
rˇuˇγ sˇvˇFrˇsˇξ
β
i (τ) ](τ, ~σ) 6= 0, (37)
we see that the constraints χµi ≈ 0 are second class. By replacing the constraintsHµ(τ, ~σ) ≈ 0
with the new ones
H′µ(τ, ~σ) = Hµ(τ, ~σ) + i
N∑
i=1
{Hµ(τ, ~σ), χνi (τ)}χiν(τ) ≈ 0, (38)
we have that the new constraints are first class [the first line vanishes weakly by definition
of H′µ(τ, ~σ)]
{H′µ(τ, ~σ), χνi (τ)} ≈ 0,
{H′µ(τ, ~σ),H
′
ν(τ, ~σ
′)} ≈
[(
lµ(τ, ~σ)zr˘ν(τ, ~σ)− lν(τ, ~σ)zr˘µ(τ, ~σ)
)](πr˘(τ, ~σ)− πr˘ξ(τ, ~σ))√
γ(τ, ~σ)
+
−zu˘µ(τ, ~σ)γu˘r˘(τ, ~σ)Fr˘s˘(τ, ~σ)γ s˘v˘(τ, ~σ)zv˘ν(τ, ~σ)
]
· Γ(τ, ~σ)δ3(~σ − ~σ′) ≈ 0, (39)
with
πr˘ξ(τ, ~σ) ≡ i
N∑
i=1
δ3(~σ − ~ηi(τ))ηiQi(τ)ξ
µ
i (τ)ξ
ν
i (τ)lµ(τ, ~σ)zs˘ν(τ, ~σ)γ
s˘r˘(τ, ~σ)√
m2i − γ s˘r˘(τ, ~σ)kir˘(τ)kis˘(τ)
. (40)
In the previous equation we have anticipated the fact that the time constancy of the
primary constraints implies µiµ(τ) ≈
∫
d3σλν(τ, ~σ){Hν(τ, ~σ), χiµ(τ)} and the Gauss law
secondary constraint
Γ(τ, ~σ) = ∂r˘π
r˘(τ, ~σ)−
N∑
i=1
δ3(~σ − ~ηi(τ))Qi(τ) ≈ 0, (41)
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Therefore, we get a consistent set of second and first class constraints. Then we can see
what happens if we add by hand the following constraints (assumed to belong to the set of
primary constraints of a modified Lagrangian), which generalize pµξ
µ ≈ 0 of the previous
Section to spacelike hypersurfaces, to the set of Eqs.(34)
φi(τ) = (π
µ
i (τ) +
i
2
ξµi (τ))
∫
d3σρµ(τ, ~σ) ≡ (πµi (τ) +
i
2
ξµi (τ))psµ ≈ 0, (42)
with pµs =
∫
d3σρµ(τ, ~σ). Now one has the algebra
{χµi (τ), χνj (τ)} = iηµνδij , {χµi (τ), φj(τ)} = 0
{φi(τ), φj(τ)} = −iδijp2s,
{Hµ(τ, ~σ), χνi (τ)} = −lµ(τ, ~σ)[
δ3(~σ − ~ηi(τ))Qi(τ)
√
γηi
√
m2i − γ rˇsˇκir(τ)κis(τ)
·
N∑
j=1
δ3(~σ − ~ηj(τ))Qj(τ)lαξαj (τ)√
m2j − γuˇvˇκju(τ)κjv(τ)
(ξjβ(τ)ξ
β
i (τ)l
ν − ξνj (τ)ξβi (τ)lβ) +
+
i√
γ
δ3(~σ − ~ηi(τ))Qi(τ)
ηi
√
m2i − γ rˇsˇκir(τ)κis(τ)
πsˇ(lνzsˇαξ
α
i (τ)− lαzνsˇ ξαi (τ))−
− i δ
3(~σ − ~ηi(τ))Qi(τ)
ηi
√
m2i − γ rˇsˇκir(τ)κis(τ)
zνuˇzvˇβγ
rˇuˇγ sˇvˇFrˇsˇξ
β
i (τ) ](τ, ~σ),
{Hµ(τ, ~σ), φi(τ)} = psν{Hµ(τ, ~σ), χνi (τ)}. (43)
If we define
H∗µ(τ, ~σ)= Hµ(τ, ~σ) + i
N∑
i=1
{Hµ(τ, ~σ), χνi (τ)}χiν(τ) +
− i
p2s
N∑
i=1
{Hµ(τ, ~σ), φi(τ)}φi(τ) ≈ 0 (44)
we get
{H∗µ(τ, ~σ), χνi (τ)} ≈ 0, {H∗µ(τ, ~σ), φi(τ)} ≈ 0,
{H∗µ(τ, ~σ),H∗ν(τ, ~σ′)} ≈
[(
lµ(τ, ~σ)zr˘ν(τ, ~σ)− lν(τ, ~σ)zr˘µ(τ, ~σ)
)](πr˘(τ, ~σ)− πr˘ξ(τ, ~σ))√
γ(τ, ~σ)
+
−zu˘µ(τ, ~σ)γu˘r˘(τ, ~σ)Fr˘s˘(τ, ~σ)γ s˘v˘(τ, ~σ)zv˘ν(τ, ~σ)
]
· Γ(τ, ~σ)δ3(~σ − ~σ′) ≈ 0, (45)
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with the same πr˘ξ(τ, ~σ) of Eq. (40).
By introducing the Dirac Hamiltonian [ρ∗i (τ) = ρi(τ) are real odd multipliers, since
φ∗i (τ) = −φi(τ)]
HD =
∫
d3σ
[
λµ(τ, ~σ)Hµ(τ, ~σ)− Aτ (τ, ~σ)Γ(τ, ~σ) + µτ (τ, ~σ)πτ (τ, ~σ)
]
+
+
N∑
i=1
[ρi(τ)φi(τ) + µiµ(τ)χ
µ
i (τ)], (46)
we have that the time constancy of the primary constraints implies: i) µiµ(τ) ≈∫
d3σλν(τ, ~σ){Hν(τ, ~σ), χiµ(τ)}; ii) ρi(τ) ≈
∫
d3σλν(τ, ~σ){Hν(τ, ~σ), φi(τ)}; iii) Γ(τ, ~σ) ≈ 0;
iv) no further condition is implied by the time constancy of the Gauss law constraint. There-
fore, we have that the constraints φi(τ) ≈ 0, χµi (τ) ≈ 0 are second class, while H∗µ(τ, ~σ) ≈ 0,
πτ (τ, ~σ) ≈ 0 and Γ(τ, ~σ) ≈ 0 are first class as expected. The final Dirac Hamiltonian is
HFD =
∫
d3σ
[
λµ(τ, ~σ)H∗µ(τ, ~σ)− Aτ (τ, ~σ)Γ(τ, ~σ) + µτ (τ, ~σ)πτ (τ, ~σ)
]
. (47)
The conserved Poincare´ generators are
pµs =
∫
d3σρµ(τ, ~σ)
Jµν =
∫
d3σ
[
zµ(τ, ~σ)ρν(τ, ~σ)− zν(τ, ~σ)ρµ(τ, ~σ)
]
−
N∑
i=1
[
ξµi (τ)π
ν
i (τ)− ξνi (τ)πµi (τ)
]
. (48)
Since pµs is a constant of the motion independently from the isolated system under inves-
tigation, we have the possibility of reducing the ξµi ’s from 4 to 3 for each particle indepen-
dently from the interactions but at the price that the whole hypersurface Στ is involved in
the reduction [it weakly depends on the total 4-momentum of the isolated system by using
Hµ(τ, ~σ) ≈ 0].
Since this Hamiltonian definition of spinning particles plus the electromagnetic field on
spacelike hypersurfaces gives a perfectly consistent set of constraints, we can ask about the
Lagrangian generating it.
In the case N=1 and in absence of the electromagnetic field, we have the primary con-
straints (besides the ones associated with the Grassmann variables for the electric charge)
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Hµ(τ, ~σ) = ρµ(τ, ~σ)− δ3(~σ − ~η(τ))[lµ(τ, ~σ)η
√
m2 − γ rˇsˇ(τ, ~σ)κrˇ(τ)κsˇ(τ) +
+γ rˇsˇ(τ, ~σ)zsˇµ(τ, ~σ)κrˇ(τ)] ≈ 0,
χµ(τ) = πµ(τ)− i
2
ξµ(τ) ≈ 0,
φ(τ) = (πµ(τ) +
i
2
ξµ(τ))
∫
d3σρµ(τ, ~σ) ≈ 0, (49)
which give the Hamiltonian definition of the spinning particle with definite sign of
the energy. The derived vector pµ(τ) = lµ(τ, ~η(τ))η
√
m2 − γ rˇsˇ(τ, ~η(τ))κrˇ(τ)κsˇ(τ) +
γ rˇsˇ(τ, ~η(τ))zµsˇ (τ, ~η(τ))κrˇ(τ) is a solution of the mass-shell constraint p
2 − m2 ≈ 0 with
sign po = η. The Dirac Hamiltonian is HD =
∫
d3σλµ(τ, ~σ)Hµ(τ, ~σ)+µµ(τ)χµ(τ)+λ(τ)φ(τ).
One has zµτ (τ, ~σ)
◦
= {zµ(τ, ~σ), HD} = −λµ(τ, ~σ) − λ(τ)iξµ(τ). This equation determines
λµ(τ, ~σ).
The inverse Legendre transformation, after having used the constraints χµ ≈ 0,
Hµ(τ, ~σ) ≈ 0, to eliminate the momenta πµ(τ), ρµ(τ, ~σ), and the Hamilton equations
~˙η(τ)
◦
= {~η(τ), HD} = λµ(τ, ~η(τ)){lµ(τ, ~η(τ))η −γrˇsˇ(τ,~η(τ))κsˇ(τ)√
m2−γrˇsˇ(τ,~η(τ))κrˇ(τ)κsˇ(τ)
+ γ rˇsˇ(τ, ~η(τ))zµsˇ (τ, ~η(τ))}
to eliminate ~κ(τ), gives the Lagrangian
L = ξ˙µπ
µ − η˙rˇκrˇ −
∫
d3σzµτ (τ, ~σ)ρµ(τ, ~σ)−HD =
=
∫
d3σδ3(~σ − ~η(τ)){− i
2
ξµ(τ)ξ˙
µ(τ)−
− ηm
√
gττ (τ, ~σ) + 2gτ rˇ(τ, ~σ)η˙rˇ(τ) + grˇsˇ(τ, ~σ)η˙rˇ(τ)η˙sˇ(τ)−
− λ(τ)iξµ(τ)ηml
µ
√
gττ − γ rˇsˇgτ rˇgτ sˇ + γ rˇsˇzµsˇ (gτ rˇ + grˇuˇη˙uˇ)(τ)√
gττ + 2gτ rˇη˙rˇ(τ) + grˇsˇη˙rˇ(τ)η˙sˇ(τ)
(τ, ~σ)} =
=
∫
d3σδ3(~σ − ~η(τ)){− i
2
ξµ(τ)ξ˙
µ(τ)−
− ηm
√
gττ (τ, ~σ) + 2gτ rˇ(τ, ~σ)η˙rˇ(τ) + grˇsˇ(τ, ~σ)η˙rˇ(τ)η˙sˇ(τ)−
− λ(τ)iξµ(τ)ηm z
µ
τ + z
µ
rˇ η˙
rˇ(τ)√
gττ + 2gτ rˇη˙rˇ(τ) + grˇsˇη˙rˇ(τ)η˙sˇ(τ)
(τ, ~σ)}, (50)
By considering λ(τ) an independent variable, this Lagrangian generates the primary
constraints χµ(τ) ≈ 0, Hµ(τ, ~σ) ≈ 0 and πλ(τ) ≈ 0 and the Dirac Hamiltonian HD =
λ(τ)φ(τ) +
∫
d3σλµ(τ, ~σ)Hµ(τ, ~σ) + µµ(τ)χµ(τ) + ζ(τ)πλ(τ). The time constancy of this
last constraint generates the secondary constraint φ(τ) ≈ 0 and its τ -constancy implies the
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vanishing of the multiplier ζ(τ), so that we get the desired Dirac Hamiltonian with λ(τ) an
arbitrary gauge variable.
It is interesting to note that this Lagrangian is the reformulation on spacelike hypersur-
faces (therefore with only one sign of the energy) of the manifestly covariant Lagrangian
L(τ) = − i
2
ξµ(τ)ξ˙
µ(τ)− ηm
√
x˙2(τ)− iλ(τ)ξµ(τ)ηm x˙µ(τ)√
x˙2(τ)
to be compared with Eq.(7).
With the same technique one could try to get the Lagrangian generating Eqs. (34) and
(42) as primary constraints. However, we shall not do it, because the resulting Lagrangian
would be very complicated (due to non-minimal couplings) and not very illuminating.
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IV. THE RESTRICTION TO WIGNER’S HYPERPLANES
As shown in Ref. [8], the restriction from arbitrary hypersurfaces to hyperplanes is done
by introducing the gauge-fixings
ζµ(τ, ~σ) = zµ(τ, ~σ)− xµs (τ)− bµr˘ (τ)σr˘ ≈ 0,
{ζµ(τ, ~σ),H∗ν(τ, ~σ′)} = −ηµν δ3(~σ − ~σ′), (51)
and the Dirac brackets
{A,B}∗ = {A,B} −
∫
d3σ{A, ζµ(τ, ~σ)}{H∗µ(τ, ~σ), B}+
∫
d3σ{A,H∗µ(τ, ~σ)}{ζµ(τ, ~σ), B}.
(52)
The hyperplane ΣτH is described by 10 configuration variables: an origin x
µ
s (τ) and the 6
independent degrees of freedom in an orthonormal tetrad bµ
Aˇ
(τ) [bµ
Aˇ
ηµνb
ν
Bˇ
= ηAˇBˇ] with b
µ
τ =
lµ, where lµ is the τ -independent normal to the hyperplane. Now, we have zµrˇ (τ, ~σ) ≡ bµrˇ (τ),
zµτ (τ, ~σ) ≡ x˙µs (τ) + bµrˇ (τ)σrˇ, grˇsˇ(τ, ~σ) ≡ −δrˇsˇ, γ rˇsˇ(τ, ~σ) ≡ −δrˇsˇ, γ(τ, ~σ) = det grˇsˇ(τ, ~σ) ≡ 1.
The nonvanishing Dirac brackets of the variables xµs , p
µ
s , b
µ
A˘
, Sµνs , AA˘, π
A˘, ξµi , π
ν
j are
{xµs (τ), pνs}∗ = −ηµν ,
{ηr˘i (τ), ks˘j (τ)}∗ = δijδr˘s˘,
{Sµνs (τ), bρA˘}∗ = ηρνb
µ
A˘
(τ)− ηρµbν
A˘
(τ),
{Sµνs (τ), Sαβs (τ)}∗ = Cµναβγδ Sγδs (τ),
{ξµi (τ), πνj (τ)}∗ = −ηµνδij . (53)
While pµs is the momentum conjugate to x
µ
s , the 6 independent momenta conjugate to
the 6 degrees of freedom in the bµ
Aˇ
’s are hidden in Sµνs , which is a component of the angular
momentum tensor
Jµν = Lµνs + S
µν
s + S
µν
ξ ,
Lµνs = x
µ
s (τ)p
ν
s − xνs(τ)pµs ,
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Sµνs = b
µ
r˘ (τ)
∫
d3σσr˘ρν(τ, ~σ)− bνr˘ (τ)
∫
d3σσr˘ρµ(τ, ~σ),
Sµνξ = −
N∑
i=1
(
ξµi (τ)π
ν
i (τ)− ξνi (τ)πµi (τ)
)
,
{Jµν , Jαβ}∗ = Cµναβγδ Jγδ, {Lµνs , Lαβs }∗ = Cµναβγδ Lγδs ,
{Sµνs , Sαβs }∗ = Cµναβγδ Sγδs , {Sµνξ , Sαβξ }∗ = Cµναβγδ Sγδξ ,
Cµναβγδ = η
ν
γη
α
δ η
µβ + ηµγη
β
δ η
να − ηνγηβδ ηµα − ηµγ ηαδ ηνβ. (54)
Then, we eliminate the second class constraints χµi ≈ 0, φi ≈ 0 with the new Dirac
brackets
{A,B}∗D = {A,B}∗ + i
N∑
i=1
{A, χµi (τ)}∗ηµν{χνi (τ), B}∗ −
i
p2s
N∑
i=1
{A, φi(τ)}∗{φi(τ), B}∗. (55)
Now we have
πµi (τ) ≡
i
2
ξµi (τ),
ξµi (τ)psµ ≡ 0,
⇒ ξµi (τ) ≡ ξµi⊥(τ) ≡ Πµνξiν(τ) =
(
ηµν − p
µ
sp
ν
s
p2s
)
ξiν(τ),
Sµνξ ≡ −i
N∑
i=1
ξµi ξ
ν
i , psµS
µν
ξ ≡ 0. (56)
However, now we get the following non canonical Dirac brackets on ΣτH
{xµs (τ), xνs(τ)}∗D = −i
N∑
i=1
ξµi (τ)ξ
ν
i (τ)
p2s
≡ S
µν
ξ (τ)
p2s
,
{xµs (τ), ξνi (τ)}∗D =
ξµi (τ)p
ν
s
p2s
,
{ξµi (τ), ξνj (τ)}∗D = i
(
ηµν − p
µ
sp
ν
s
p2s
)
δij ≡ iΠµνδij. (57)
In this way, we have eliminated the components of ξµi parallel to p
µ
s in a Lorentz-invariant
way as in Eq.(4) and in the Hamiltonian theory associated with Eq.(7). The spin of each
particle is described only by 3 Grassmann variables and the spin tensor Sµνξ satisfies a
Weyssenhoff condition. The angular momentum tensor becomes
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Jµν = Lµνs + S
µν
s + S
µν
ξ ,
Sµνξ = −i
N∑
i=1
ξµi (τ)ξ
ν
i (τ),
{Jµν , Jαβ}∗D = {Jµν , Jαβ}∗ = Cµναβγδ Jγδ,
{Lµνs , Lαβs }∗D = Cµναβγδ Lγδs − P µναβγδ Sγδξ ,
{Sµνξ , Sαβξ }∗D = Cµναβγδ Sγδξ − P µναβγδ Sγδξ ,
{Lµνs , Sαβξ }∗D = P µναβγδ Sγδξ ,
{Lµνs + Sµνξ , Lαβs + Sαβξ }∗D = Cµναβγδ
(
Lγδs + S
γδ
ξ
)
,
P µναβγδ ≡
pµsp
β
s
p2s
ηνγη
α
δ +
pνsp
α
s
p2s
ηµγ η
β
δ −
pµsp
α
s
p2s
ηνγη
β
δ −
pνsp
β
s
p2s
ηµγη
α
δ . (58)
Since by asking the time constancy of the gauge fixings (51) we get [8] λµ(τ, ~σ) =
λ˜µ(τ) + λ˜µν(τ)b
ν
rˇ (τ)σ
rˇ, λ˜µ(τ) = −x˙µs (τ), λ˜µν(τ) = −λ˜νµ(τ) = 12
∑
rˇ[b˙
µ
rˇ b
ν
rˇ − bµrˇ b˙νrˇ ](τ), the
Dirac Hamiltonian becomes
HFD = λ˜
µ(τ)H˜µ(τ)− 1
2
λ˜µν(τ)H˜µν(τ) +
∫
d3σ
[
− Aτ (τ, ~σ)Γ(τ, ~σ) + µτ (τ, ~σ)πτ (τ, ~σ)
]
(59)
and we are left with only 12 first class constraints
πτ (τ, ~σ) ≈ 0,
Γ(τ, ~σ) = ∂r˘π
r˘(τ, ~σ)−
N∑
i=1
δ3(~σ − ~ηi(τ))Qi(τ) ≈ 0,
H˜µ(τ) =
∫
d3σHµ(τ, ~σ) = psµ − bµτ
{ ∫
d3σ
(~π2(τ, ~σ) + ~B2(τ, ~σ)
2
)
+
+
N∑
i=1
ηi
√
m2i + [~ki(τ)−Qi(τ) ~A(τ, ~ηi(τ))]2 +
+
1
2
N∑
i,j=1
δ3(~ηi(τ)− ~ηj(τ)) ·
· ηiηjQi(τ)Qj(τ)ξ
µ
i (τ)ξ
ν
i (τ)√
m2i + ~k
2
i (τ)
√
m2j + ~k
2
j (τ)
bτµηνβξ
α
j (τ)ξ
β
j (τ)bτα
]
+
+ i
N∑
i=1
ηi
Qi(τ)ξ
µ
i (τ)ξ
ν
i (τ)√
m2i +
~k2i (τ)
bτµbs˘ν(τ)π
s˘(τ, ~ηi(τ)) +
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− i
2
N∑
i=1
ηi
Qi(τ)ξ
µ
i (τ)ξ
ν
i (τ)√
m2i + ~k
2
i (τ)
bu˘µ(τ)bv˘ν(τ)Fu˘v˘(τ, ~ηi(τ))
}
+
+ br˘µ(τ)
{ ∫
d3σ[~π ∧ ~B]r˘(τ, ~σ) +
N∑
i=1
[kir˘(τ)−Qi(τ)Ar˘(τ, ~ηi(τ))]
}
≈ 0,
H˜µν(τ) = bµr˘ (τ)
∫
d3σσr˘Hν(τ, ~σ)− bνr˘ (τ)
∫
d3σσr˘Hµ(τ, ~σ) =
= Sµνs (τ)− (bµr˘ (τ)bντ − bνr˘(τ)bµτ )
{ ∫
d3σσr˘
~π2(τ, ~σ) + ~B2(τ, ~σ)
2
+
+
1
2
N∑
i,j=1
δ3(~ηi(τ)− ~ηj(τ)) ·
· ηiηjQi(τ)Qj(τ)ξ
µ
i (τ)ξ
ν
i (τ)√
m2i +
~k2i (τ)
√
m2j +
~k2j (τ)
bτµηνβξ
α
j (τ)ξ
β
j (τ)bτα +
+
N∑
i=1
ηr˘i ηi
√
m2i + [~ki(τ)−Qi(τ) ~A(τ, ~ηi(τ))]2 +
+ i
N∑
i=1
ηr˘i (τ)ηi
Qi(τ)ξ
µ
i (τ)ξ
ν
i (τ)√
m2i + ~k
2
i (τ)
bτµbs˘ν(τ)π
s˘(τ, ~ηi(τ)) +
− i
2
N∑
i=1
ηr˘i (τ)ηi
Qi(τ)ξ
µ
i (τ)ξ
ν
i (τ)√
m2i + ~k
2
i (τ)
bu˘µ(τ)bv˘ν(τ)Fu˘v˘(τ, ~ηi(τ))
}
+
+ (bµr˘ (τ)b
ν
s˘ (τ)− bνr˘(τ)bµs˘ (τ))
{ ∫
d3σσr˘[~π ∧ ~B]s˘(τ, ~σ) +
+
N∑
i=1
ηr˘i (τ)[kis˘(τ)−Qi(τ)As˘(τ, ~ηi(τ))]
}
≈ 0. (60)
The next step [8] is to select all the configurations of the isolated system which are
timelike, namely with p2s > 0. For them we can boost at rest with the standard Wigner
boost Lµ.ν(
o
ps, ps) for timelike Poincare´ orbits all the variables of the noncanonical basis x
µ
s (τ),
pµs , b
µ
A˘
(τ) , Sµνs (τ) , AA˘(τ, ~σ) , π
A˘(τ, ~σ), ~ηi(τ) , ~ki(τ) , θi(τ) , θ
∗
i (τ) , ξ
µ
i (τ) with Lorentz
indices (except pµs ). This is a canonical transformation generated by e
{.,F(τ)} with generating
function [see Appendix A of Ref. [13] for a similar transformation]
F(τ) = 1
2
ω(ps)Iµν(ps)S
µν
s (τ),
I(p) ≡ ‖ I(p)µ.ν ‖=

 0 −
pj
|~p|
pi
|~p| 0

 ,
Iµν(p) = −Iνµ(p), I3(p) = I(p),
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coshω(p) =
ηp0√
p2
, sinhω(p) = η
|~p|√
p2
,
Lµ.ν(p,
o
p) = exp [ω(p)I(p)]µ.ν =
= [ cosh (ω(p)I(p)) + sinh (ω(p)I(p))]µ.ν =
= [11− I2(p) + I2(p) coshω(p) + I(p) sinhω(p)]µ.ν ,
Lµ.ν(
o
p, p) = exp [− ω(p)I(p)]µ.ν . (61)
Since we have ξµi psµ = 0, we get Iµν(ps)S
µν
ξ = 0, so that the addition of S
µν
ξ to S
µν
s in F is
irrelevant.
The new noncanonical basis (with the same Dirac brackets) is
x˜µs = x
µ
s −
1
2
ǫν(u(ps))ηAB
∂ǫBρ (u(ps))
∂psµ
Sνρs =
= xµs −
1
ηs
√
p2s(p
0
s + ηs
√
p2s)
[
psνS
νµ
s + ηs
√
p2s
(
S0µs − S0νs
psνp
µ
s
p2s
)]
=
= xµs −
1
ηs
√
p2s
[
ηµA
(
S¯ o¯As −
S¯Ars p
r
s
p0s + ηs
√
p2s
)
+
pµs + 2ηs
√
p2sη
µ0
ηs
√
p2s(p
0
s + ηs
√
p2s)
S¯ o¯rs p
r
s
]
pµs = p
µ
s , η
r˘
i = η
r˘
i , k
r˘
i = k
r˘
i , AA˘ = AA˘, π
A˘ = πA˘
ξµi = ξ
µ
i , θ
∗
i = θ
∗
i , θi = θi
bA
B˘
= ǫAµ (u(ps))b
µ
B˘
S˜µνs = S
µν
s +
1
2
ǫAρ (u(ps))ηAB
[∂ǫBσ (u(ps))
∂psµ
pνs −
∂ǫBσ (u(ps))
∂psν
pµs
]
Sρσs =
= Sµνs +
1
ηs
√
p2s(p
0
s + ηs
√
p2s)
[
psβ(S
βµ
s p
ν
s − Sβνs pµs ) + ηs
√
p2s(S
0µ
s p
ν
s − S0νs pµs )
]
, (62)
where uµ(ps) = p
µ
s/ηs
√
p2s = L
µ
o (
o
ps, ps) [ηs = ±1].
For later use, let us introduce the spin tensors
S¯ABs = ǫ
A
µ (u(ps))ǫ
B
ν (u(ps))S
µν
s ,
S¯ABξ = ǫ
A
µ (u(ps))ǫ
B
ν (u(ps))S
µν
ξ . (63)
Since ξiµp
µ
s ≡ 0 implies ξiτ = ξiµuµ(ps) = ξiµLµo (
o
ps, ps) ≡ 0, we can reduce to 3 for each
particle the Grassmann variables describing spin
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ξri (τ) ≡ ǫrµ(u(ps))ξµi (τ) r = 1, 2, 3. (64)
Then, we get
S¯ o¯Bξ = 0,
S¯rsξ = −i
N∑
i=1
ǫrµ(u(ps))ǫ
s
ν(u(ps))ξ
µ
i ξ
ν
i = −i
N∑
i=1
ξri ξ
s
i ,
S¯rξ =
1
2
ǫruvS¯uvξ =
N∑
i=1
S¯riξ,
S¯riξ = −
i
2
ǫruvξui ξ
v
i . (65)
The ξri (τ)’s satisfy
{ξri , ξsj}∗D = −iδrsδij,
{x˜µs , ξri }∗D = −
∂ǫrν(u(ps))
∂psµ
ξνi . (66)
If we define
xˆµs ≡ x˜µs −
1
2
ǫAν (u(ps))ηAB
∂ǫBρ (u(ps))
∂psµ
Sνρξ =
= xµs −
1
2
ǫAν (u(ps))ηAB
∂ǫBρ (u(ps))
∂psµ
(Sνρs + S
νρ
ξ ), (67)
we get
{xˆµs , pνs}∗D = −ηµν ,
{xˆµs , ξri }∗D = 0,
{xˆµs , xˆνs}∗D = 0. (68)
Therefore, with respect to the Dirac brackets {., .}∗D we have obtained a basis in which
xˆµs (τ), p
µ
s , AAˇ(τ, ~σ), π
Aˇ(τ, ~σ), ~ηi(τ), ~κi(τ), ξ
rˇ
i (τ), θi(τ), θ
∗
i (τ), are canonical variables and
only bµ
Aˇ
(τ), Sµνs (τ), are not canonical. The new canonical origin xˆ
µ
s of the hyperplane has
the same noncovariance of the Newton-Wigner position operator. In terms of this variable
we get
37
Jµν = x˜µsp
ν
s − x˜νspµs + S˜µνs + Sµνξ = Lˆµνs + S˜µνs + S˜µνξ ,
Lˆµνs = xˆ
µ
sp
ν
s − xˆνspµs ,
S˜µνξ = S
µν
ξ +
1
2
ǫAρ (u(ps))ηAB
[∂ǫBσ (u(ps))
∂psµ
pνs −
∂ǫBσ (u(ps))
∂psν
pµs
]
Sρσξ ,
{Lˆµνs , Lˆαβs }∗D = Cµναβγδ Lˆγδs ,
{S˜µνξ , S˜αβξ }∗D = Cµναβγδ S˜γδξ ,
{S˜µνs , S˜αβs }∗D = Cµναβγδ S˜γδs ,
{S˜µνs , S˜αβξ }∗D = {S˜µνs , Lˆαβs }∗D = {S˜µνξ , Lˆαβs }∗D = 0,
{Jµν , Jαβ}∗D = Cµναβγδ Jγδ. (69)
As shown in Ref. [8], we can restrict ourselves to the Wigner hyperplanes ΣτW with
lµ = uµ(ps) [i.e. orthogonal to p
µ
s ] with the gauge-fixings
T µ
A˘
(τ) = bµ
A˘
(τ)− ǫµ
A=A˘
(u(ps)) ≈ 0
⇒ bA
A˘
(τ) = ǫAµ (u(ps))b
µ
A˘
(τ) ≈ ηA
A˘
, (70)
which imply the new Dirac brackets
{A,B}∗∗D = {A,B}∗D −
1
4
[
{A, H˜γδ}∗D
(
ηγσǫ
D
γ (u(ps))− ηδσǫDγ (u(ps))
)
{T σD, B}∗D +
+ {A, T σD}∗D
(
ησνǫ
B
µ (u(ps))− ησµǫBν (u(ps))
)
{H˜µν , B}∗D
]
. (71)
The gauge-fixings (70) imply λ˜µν(τ) ≈ 0 [their time constancy], bµ
Aˇ
(τ) ≡ LµA(ps,
o
ps) and
H˜µν(τ) ≡ 0 [namely the determination of Sµνs in terms of the variables of the system]. The
remaining variables form a canonical basis
{xˆµs (τ), pνs}∗∗D = −ηµν ,
{ηri (τ), ksj (τ)}∗∗D = δijδrs,
{ξri (τ), ξsj (τ)}∗∗D = −iδrsδij ,
{AA(τ, ~σ), πB(τ, ~σ′)}∗∗D = ηBAδ3(~σ − ~σ
′
). (72)
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As shown in Ref. [8], the dependence of the gauge-fixing (70) on pµs implies that the
Lorentz-scalar indices Aˇ become Wigner indices A: i) AA=τ (τ, ~σ) is a Lorentz-scalar field; ii)
AA=r(τ, ~σ), ξ
r
i (τ), η
r
i (τ), κir(τ), are Wigner spin 1 3-vectors which transform with Wigner
rotations under the action of Minkowski Lorentz boosts.
On ΣτW the Poincare´ generators are
pµs , J
µν
s = xˆ
µ
sp
ν
s − xˆνspµs + S˜µν ,
S˜µν ≡ S˜µνs + S˜µνξ ,
S˜0i = − δ
irS¯rspss
p0s + ηs
√
p2s
, S˜ij = δirδjsS¯rs, (73)
because one can express S˜µν in terms of S¯AB = ǫAµ (u(ps))ǫ
B
ν (u(ps))S
µν .
Since H˜µν(τ) ≡ 0 implies
Sµνs =
(
ǫµr (u(ps))u
ν(ps)− ǫνr(u(ps))uµ(ps)
){ ∫
d3σσr
(~π2(τ, ~σ) + ~B2(τ, ~σ))
2
+
+
N∑
i=1
ηri (τ)ηi
√
m2i − iQi(τ)ξui (τ)ξvi (τ)Fuv(τ, ~ηi) + [~ki(τ)−Qi ~A(τ, ~ηi)]2
}
+
−
(
ǫµr (u(ps))ǫ
ν
s(u(ps))− ǫνr (u(ps))ǫµs (u(ps))
){ ∫
d3σσr(~π ∧ ~B)s(τ, ~σ) +
+
N∑
i=1
ηri (τ)(kis(τ)−Qi(τ)As(τ, ~ηi))
}
, (74)
we get
S¯ABs = (δ
A
r δ
B
o¯ − δBr δAo¯ )
[ ∫
d3σσr
(~π2(τ, ~σ) + ~B2(τ, ~σ))
2
+
+
N∑
i=1
ηri (τ)ηi
√
m2i − iQi(τ)ξui (τ)ξvi (τ)Fuv(τ, ~ηi) + [~ki(τ)−Qi ~A(τ, ~ηi)]2
]
+
− (δAr δBs − δBr δAs )
[ ∫
d3σσr(~π ∧ ~B)s(τ, ~σ) +
+
N∑
i=1
ηri (τ)(kis(τ)−Qi(τ)As(τ, ~ηi))
]
. (75)
However, S¯ors does not contribute to the previous realization of the Poincare´ generators,
which defines the rest-frame Wigner-covariant instant form of dynamics.
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The original variables zµ(τ, ~σ), ρµ(τ, ~σ), are reduced only to xˆ
µ
s , p
µ
s on the Wigner hy-
perplane ΣτW . On it only 6 first class constraints survive
πτ (τ, ~σ)≈ 0,
Γ(τ, ~σ) = ∂rπ
r(τ, ~σ)−
N∑
i=1
Qiδ
3(~σ − ~ηi(τ)) ≈ 0,
H˜µ(τ) = pµs − [uµ(ps)Hrel(τ) + ǫµr (u(ps))Hp r(τ)] =
= uµ(ps)H(τ) + ǫ
µ
r (u(ps))Hpr(τ) ≈ 0,
or
H(τ) = ηs
√
p2s −Hrel(τ) = ηs
√
p2s −
[ ∫
d3σ
(~π2 + ~B2)
2
(τ, ~σ) +
+
N∑
i=1
ηi ·
√
m2i − iQi(τ)ξri (τ)ξsi (τ)Frs(τ, ~ηi) + [~ki(τ)−Qi(τ) ~A(τ, ~ηi)]2
]
≈ 0,
Hpr(τ) =
∫
d3σ[~π ∧ ~B]r(τ, ~σ) +
N∑
i=1
[kir(τ)−Qi(τ)Ar(τ, ~ηi)] ≈ 0,
{H˜µ(τ), H˜ν(τ)}∗∗D =
∫
d3σ
{[
uµ(ps)ǫ
ν
r(u(ps))− uν(ps)ǫµr (u(ps))
]
πr(τ, ~σ) +
− ǫµr (u(ps))Frs(τ, ~σ)ǫνs (u(ps))
}
Γ(τ, ~σ) ≈ 0. (76)
Let us remark that on ΣτW in H(τ) ≈ 0 the “spin-spin” and “spin-electric field” interac-
tions have disappeared [also the quantity πrξ(τ, ~σ) vanishes]. There is only the “spin-magnetic
field” interaction
− iQiξri ξsiFrs(τ, ~ηi) = −2Qi~¯Siξ · ~B(τ, ~ηi), ~¯Siξ ≡ −
i
2
~ξi × ~ξi, (77)
like in the nonrelativistic Pauli equation [35].
Therefore, we get a kind of “relativistic Pauli Hamiltonian” describing the interaction of
a massive spinning particle belonging to the (1
2
, 0) representation with the electromagnetic
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field, whose nonrelativistic limit is the pseudoclassical form of the ordinary Pauli Hamilto-
nian.
The constraints ~Hp(τ) ≈ 0 identify the Wigner hyperplane ΣτW with the intrinsic rest
frame (vanishing of the total Wigner spin 1 3-momentum of the isolated system) and say
that the 3-coordinate ~σ = ~η+ system of the center of mass of the isolated system on ΣτW is
a gauge variable, whose natural gauge-fixing is ~η+ system ≈ 0 [so that it coincides with the
origin of ΣτW : x
µ
s (τ) = z
µ(τ, ~σ = 0)].
On ΣτW the Dirac Hamiltonian becomes
HD = λ(τ)H(τ)− ~λ(τ) · ~Hp(τ) +
∫
d3σ
[
− Aτ (τ, ~σ)Γ(τ, ~σ) + µτ (τ, ~σ)πτ (τ, ~σ)
]
, (78)
so that xˆµs has a velocity parallel to ps
µ , namely it has no zitterbewegung as it happens to
the Foldy-Wouthuysen mean position (see Section II).
The nonrelativistic limit of Hrel of Eqs.(76), disregarding the kinetic term of the elec-
tromagnetic field due to the ambiguities in defining Galilean electromagnetism (see the two
independent ‘electric’ and ‘magnetic’ limits of Ref. [43]), is
Hrel =
N∑
i=1
ηic
√
m2i c
2 − 2Qi
c
~¯Siξ · ~B(τ, ~ηi(τ)) + [~κi(τ)− Qi
c
~A(τ, ~ηi(τ))]2 + .. =
→c→∞
N∑
i=1
ηimic
2 +
N∑
i=1
{ 1
2mi
[~κi(τ)− Qi
c
~A(τ, ~ηi(τ))]
2 − Qi
mic
~¯Siξ · ~B(τ, ~ηi(τ))}+ ....,
N∑
i=1
~κi(τ) ≈ 0. (79)
Therefore we recover the classical basis of the nonrelativistic Pauli theory in the center of
mass frame, with the same properties under parity (see for instance Ref. [35], p.97). See Ref.
[25] for an approach to this theory with Grassmann variables (the fibered spin structure)
and first class constraints, generating by quantization the Pauli theory in the form of the
Levy-Leblond nonrelativistic spin equation [24].
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V. DIRAC’S OBSERVABLES AND EQUATIONS OF MOTION.
As shown in Ref. [2], the Dirac observables of the electromagnetic field are the transverse
quantities ~A⊥r(τ, ~σ), ~πr⊥(τ, ~σ), defined by the decomposition
Ar(τ, ~σ) = ∂rη(τ, ~σ) + A⊥r(τ, ~σ),
πr(τ, ~σ) = πr⊥(τ, ~σ) +
∂r
△σ
[
Γ(τ, ~σ)−
N∑
i=1
Qi(τ)δ
3(~σ − ~ηi(τ))
]
,
η(τ, ~σ) = −
~∂
△σ ·
~A(τ, ~σ), (80)
while the gauge variables are Aτ (τ, ~σ) and η(τ, ~σ), being conjugated to the first class con-
straints πτ (τ, ~σ) ≈ 0, Γ(τ, ~σ) ≈ 0.
Concerning the particle variables, we have that kri (τ), θi(τ), θ
∗
i (τ), are not gauge invariant
because
{kri (τ),Γ(τ, ~σ)}∗∗D = Qi
∂
∂ηri
δ3(~σ − ~ηi(τ)),
{θi(τ),Γ(τ, ~σ)}∗∗D = ieiθi(τ)δ3(~σ − ~ηi(τ)),
{θ∗i (τ),Γ(τ, ~σ)}∗∗D = −ieiθ∗i (τ)δ3(~σ − ~ηi(τ)). (81)
Instead, the position variables ηri (τ) and the spin variables ξ
r
i (τ) are gauge invariant.
The Dirac observables for the particles are obtained through a dressing with a Coulomb
cloud
θˇi(τ) = e
ieiη(τ,~ηi)θi(τ),
θˇ∗i (τ) = e
−ieiη(τ,~ηi)θ∗i (τ),
~ˇki(τ) = ~ki(τ)−Qi(τ)~∂η(τ, ~σ)⇒ ~ˇki(τ)−Qi ~A⊥(τ, ~ηi) = ~ki(τ)−Qi ~A(τ, ~ηi). (82)
The electric charges are gauge invariant
Qˇi = eiθˇ
∗
i (τ)θˇi(τ) = Qi = eiθ
∗
i (τ)θi(τ) [Q˙i(τ) = 0⇒ Qi(τ) ≡ Qi]. (83)
When the Gauss law is satisfied, Γ(τ, ~σ) = 0, Eq.(80) implies
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∫
d3σ~π2(τ, ~σ) =
∫
d3σ~π2⊥(τ, ~σ) +
1...N∑
i 6=j
QiQj
4π | ~ηi(τ)− ~ηj(τ) | , (84)
so that we get
H(τ) = ηs
√
p2s −
{ ∫
d3σ
(~π2⊥(τ, ~σ) + ~B
2(τ, ~σ))
2
+
1...N∑
i 6=j
QiQj
4π | ~ηi(τ)− ~ηj(τ) | +
+
N∑
i=1
ηi
√
m2i − iQiξri (τ)ξsi (τ)Frs(τ, ~ηi) + [~ˇki(τ)−Qi ~A⊥(τ, ~ηi)]2
}
≈ 0. (85)
We see [8] the emergence of the Coulomb potential from field theory and the regular-
ization of the Coulomb self-energy (the
∑
i 6=j rule) due to the Grassmann character of the
electric charges, Q2i = 0. In this way all the effects of order Q
2
i are eliminated, but not those
of order QiQj , i 6= j [9]. This means the elimination of all the effects connected with pair
production, consistently with the description of only one branch of the mass spectrum of
the N-body system (all particles have only one sign of the energy).
There is no odd first class constraint, because massive 2-spinors do not satisfy any spinor
equation. The quantization of this Hamiltonian in the free case gives a nonlocal Schroedinger
equation with the kinetic square root operator [18] for a 2-spinor, which corresponds to the
upper (or lower) part of positive (or negative) energy Dirac spinors boosted at rest [so
that they also coincide with the corresponding parts of the positive (or negative) energy
Foldy-Wouthuysen spinors boosted at rest; see the Appendix]. These 2-spinors are parity
eigenstates in the rest frame. All these facts shows the similarities and the differences of
this rest-frame representation from the Chakrabarti one discussed in Section II.
The three constraints defining the rest frame become
~Hp(τ) =
N∑
i=1
~ˇki(τ) +
∫
d3σ~π⊥(τ, ~σ) ∧ ~B(τ, ~σ) ≈ 0, (86)
and are independent from the interactions as expected in an instant form of dynamics, like
the expression for the spin [9] implied by Eq.(75)
S¯rss =
N∑
i=1
[ηri (τ)κˇ
s
i (τ)− ηsi (τ)κˇri (τ)] +
∫
d3σ[σr(~π⊥ × ~B)s − σs(~π⊥ × ~B)r](τ, ~σ),
S¯rs = S¯rss + S¯
rs
ξ = S¯
rs
s − i
N∑
i=1
ξri ξ
s
i . (87)
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The Pauli-Lubanski 4-vector and the spin Poincare´ Casimir are [ǫs = ηs
√
p2s]
W µs =
1
2
ǫµνρσpsνJsρσ =
1
2
ǫµνρσpsνS˜ρσ =
= (~ps · ~¯S; ǫs~¯S + ~ps ·
~¯S
pos + ǫs
~ps) =
=
1
2
ǫµνρσpsν(S˜sρσ + S˜ξρσ)
def
= W (L)µs + Σ
µ
s ,
W 2s = −
1
2
p2sS˜µν S˜
µν = −p2s ~¯S
2
. (88)
This shows that ~¯S = ~¯Ss +
~¯Sξ is the rest-frame Thomas spin: Wsµ(ps) = WsνL
ν
µ(ps;
◦
ps) =
(0; ǫs
~¯S).
As shown in Ref. [8], it is possible to separate the relative variables from the center-of-
mass ones and from the invariant mass ±
√
p2s with the following canonical transformation
[Ts is the Lorentz-scalar time of the rest frame]
Ts =
pµsxµs
ηs
√
p2s
, ǫs = ηs
√
p2s,
~zs = ηs
√
p2s
(
~ˆxs − ~ps
p0s
xˆ0s
)
, ~ks =
~ps
ηs
√
p2s
,
~η+ =
1
N
N∑
i=1
~ηi, ~ˇκ+ =
N∑
i=1
~ˇκi,
~ρa =
√
N
N∑
i=1
γˆai~ηi, ~ˇπa =
1√
N
N∑
i=1
γˆai~ˇκi,
a = 1, ..., N − 1,
N∑
i=1
γˆai = 0,
N∑
i=1
γˆaiγˆbi = δab,
N−1∑
a=1
γˆaiγˆaj = δij − 1
N
. (89)
The inverse canonical transformation is
xˆ0s =
√
1− ~ks
(
Ts +
~ks · ~zs
ǫs
)
,
~ˆxs =
~zs
ǫs
+
(
Ts +
~ks · ~zs
ǫs
)
~ks,
p0s = ǫs
√
1 + ~k2s ,
~ps = ǫs~ks,
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~ηi = ~η+ +
1√
N
∑
a
γˆai~ρa,
~ˇκi =
1
N
~ˇκ+ +
√
N
∑
a
γˆai~ˇπa. (90)
The constraints (86) take the form
~H(τ) = ~ˇk+(τ) +
∫
d3σ~π⊥(τ, ~σ) ∧ ~B⊥(τ, ~σ) ≈ 0. (91)
where the second term is the total electromagnetic 3-momentum, while the spin tensor may
be written as S¯rss ≈
∑N−1
a=1 [ρ
r
a(τ)πˇ
s
a(τ) − ρsa(τ)πˇra(τ)] +
∫
d3σ[(σr − ηr+)(~π⊥ × ~B)s − (σs −
ηs+)(~π⊥ × ~B)r](τ, ~σ).
In absence of the electromagnetic field the natural gauge fixing to ~κ+ ≈ 0 is ~η+ ≈ 0. As
said in Ref. [8], this construction suggests the existence of a decomposition in center-of-mass
and relative variables also of the electromagnetic field [see Ref. [15] for a solution of this
problem for Klein-Gordon fields]. When it will be available, one will be able to find the
natural gauge fixing to be associated with the constraints (91) and to express H(τ) ≈ 0 only
in terms of relative variables. For the time being, this constraint can be put in the form
H(τ) = ǫs −Hrel =
= ǫs −
N∑
i=1
ηi
[
m2i + 2Qi
~¯Siξ(τ) · ~B(τ, ~η+(τ) + 1√
N
N−1∑
a=1
γˆai~ρa(τ)) +
+
( 1
N
~ˇk+(τ) +
√
N
N−1∑
a=1
γˆai~πa −Qi ~A⊥(τ, ~η+(τ) + 1√
N
N−1∑
a=1
γˆai~ρa(τ))
)]1/2
+
+
1
2
1...N∑
i 6=j
QiQj
4π
| 1√
N
N−1∑
a=1
(γˆai − γˆaj)~ρa(τ))|
−1
− 1
2
∫
d3σ(~π2⊥ + ~B
2)(τ, ~σ) ≈ 0 (92)
We see that by putting ~A⊥(τ, ~σ) = ~π⊥(τ, ~σ) = 0 by hand as second class constraints, one
gets a subspace of the reduced phase space describing N spinning particles with a mutual
Coulomb interaction.
By adding the gauge-fixing Ts − τ ≈ 0 [which identifies the rest-frame time Ts with the
parameter τ of the foliation of Minkowski spacetime with the Wigner hyperplanes associated
with the isolated system], whose time constancy implies λ(τ) = −1, we get the Dirac
Hamiltonian
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HˆD = Hrel(τ)− ~λ(τ) · ~Hp(τ), (93)
where [the nonrelativistic limit would give Pauli theory in the center of mass frame and in
the Coulomb gauge for the electromagnetic field]
Hrel(τ) =
N∑
i=1
ηi
√
m2i − iQiξri (τ)ξsi (τ)Frs(τ, ~ηi(τ)) + [~ˇki(τ)−Qi ~A⊥(τ, ~ηi(τ))]2 +
+
1...N∑
i 6=j
QiQj
1
4π | ~ηi(τ)− ~ηj(τ) | +
∫
d3σ
(~π2⊥(τ, ~σ) + ~B2(τ, ~σ)
2
)
=
=
N∑
i=1
ηi
√
m2i − 2Qi~¯Siξ · ~B(τ, ~ηi) + [~ˇki(τ)−Qi ~A⊥(τ, ~ηi)]2 +
+
1...N∑
i 6=j
QiQj
1
4π | ~ηi(τ)− ~ηj(τ) | +
∫
d3σ
(~π2⊥ + ~B
2)
2
(τ, ~σ) (94)
Therefore, we have a free point ~zs , ~ks, decoupled from the system describing the canonical
noncovariant origin of the Wigner hyperplane plus a description of the isolated system in
terms of relative variables [but it is more convenient to work with the particle positions
~ηi(τ)].
We get the following Hamilton equations [as in Ref. [9] it is convenient to write ~λ(τ) =
~˙g(τ); ∂rηi ≡ ∂∂ηir ; P rs⊥ (~σ) = δrs + ∂r∂s/△, △ = −~∂2]
~˙ηi(τ) + ~˙g(τ)
◦
= ηi
[~ˇki(τ)−Qi ~A⊥(τ, ~ηi(τ))]√
m2i − 2Qi~¯Siξ(τ) · ~B(τ, ~ηi(τ)) + [~ˇki(τ)−Qi ~A⊥(τ, ~ηi(τ))]2
=
= ηi
[ ~ˇki(τ)−Qi ~A⊥(τ, ~ηi(τ))√
m2i + [
~ˇki(τ)−Qi ~A⊥(τ, ~ηi(τ))]2
+
+
Qi~ˇki(τ)(
~¯Siξ(τ) · ~B(τ, ~ηi(τ)))
[m2i + ~ˇk
2
i(τ)]
3/2
]
,
˙ˇ~ki(τ)
◦
= −
N∑
j=1
QiQj
4π | ~ηi(τ)− ~ηj(τ) |2
~ηi(τ)− ~ηj(τ)
|~ηi(τ)− ~ηj(τ)| +
+ [η˙ri (τ) + g˙
r(τ)]Qi~∂ηiA
r
⊥(τ, ~ηi(τ)) + ηi
Qi~∂ηi [
~¯Siξ(τ) · ~B(τ, ~ηi(τ))]√
m2i + ~ˇk
2
i(τ)
,
ξ˙ri (τ)
◦
= ηi
Qiξ
s
i (τ)Fsr(τ, ~ηi(τ))√
m2i − 2Qi~¯Siξ(τ) · ~B(τ, ~ηi(τ)) + [~ˇκi(τ)−Qi ~A⊥(τ, ~ηi(τ))]2
=
46
= ηi
Qiξ
s
i (τ)Fsr(τ, ~ηi(τ))√
m2i + ~ˇκ
2
i (τ)
,
˙¯S
r
iξ(τ)
◦
= ηi
Qiǫ
rstF ut(τ, ~ηi(τ))iξ
u
i (τ)ξ
s
i (τ)√
m2i + ~ˇκ
2
i (τ)
=
= ηi
Qi[ ~B(τ, ~ηi(τ))× ~¯Siξ(τ)]r√
m2i + ~ˇκ
2
i (τ)
,
˙ˇθi(τ)
◦
= iηieiθˇi(τ)
~¯Siξ(τ) · ~B(τ, ~ηi(τ)) + ~ˇκi(τ) · ~A⊥(τ, ~ηi(τ))√
m2i + ~ˇκ
2
i (τ)
−
− 2ieiθˇi(τ)
∑
j 6=i
Qj
|~ηi(τ)− ~ηj(τ)| ,
˙ˇQi
◦
= 0,
A˙⊥r(τ, ~σ)
◦
= −π⊥r(τ, ~σ)− [~˙g(τ) · ~∂]A⊥r(τ, ~σ),
π˙r⊥(τ, ~σ)
◦
= △σAr⊥(τ, ~ηi(τ))− [~˙g(τ) · ~∂]πr⊥(τ, ~σ)−
−
N∑
i=1
Qi[η˙
s
i (τ) + g˙
s(τ)]P rs⊥ (~σ)δ
3(~σ − ~ηi(τ)) +
+
N∑
i=1
ηi
iQiξ
u
i (τ)ξ
s
i (τ)P
rs
⊥ (~σ)√
m2i + ~ˇk
2
i(τ)
∂uδ
3(~σ − ~ηi(τ)),
⇓
( (
∂
∂τ
+
d~g(τ)
dτ
· ∂
∂~σ
)2 − ( ∂
∂~σ
)2 )Ar⊥(τ, ~σ)
◦
=
◦
= P rs⊥ (~σ − ~g(τ))
N∑
i=1
Qi
[
[η˙si (τ) + g˙
s(τ)]δ3(~σ − ~ηi(τ))−
− iηi ξ
u
i (τ)ξ
s
i (τ)∂u√
m2i +
~ˇk2i(τ)
δ3(~σ − ~ηi(τ))
]
. (95)
The last equation shows that, besides the standard term for scalar particles [9],
the nonlocal (due to the projector) particle current contains also a dipole term
P rs⊥ (~σ)
∑N
i=1 ηi
(~¯Siξ×~∂)s√
m2i+~ˇκ
2
i
δ3(~σ − ~ηi(τ)) in accord with the fact that the spinning particle has
a pole-dipole structure [44] according to Papapetrou’s classification [45] [see Refs. [46] for
other pole-dipole models and Ref. [47] for their influence on the energy momentum tensor
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of action-at-a-distance models].
For N=1 [~ηi 7→ ~η, mi 7→ m,...] we have: i) S¯rsξ = ǫrstS¯tξ = −iξrξs, S¯rss ≈∫
d3σ[(σr− ηr)(~π⊥× ~B)s− (σs− ηs)(~π⊥× ~B)r](τ, ~σ); ii) Σsµ = 12ǫµνρσpνs S˜ρσξ = (12ǫµνijδirδjs−
ǫµνoi
δirpss
pos+ǫs
)pνs S¯
rs
ξ . The Bargmann-Michel-Telegdi equation [48] Σ˙µ
◦
= e
m
FµνΣ
ν for a spinning
particle in an external electromagnetic field [Σµ =
1
2
ǫµνρσP
νSρσ with P˙ µ 6= 0] is replaced
by the following equation for the spin part of the Pauli-Lubanski 4-vector of Eq.(88) in
the canonical realization (73) of the Poincare´ group in the rest-frame instant form for the
isolated system of a positive energy spinning particle plus the electromagnetic field [p˙µs = 0]
Σ˙sµ = (
1
2
ǫµνijδ
irδjs − ǫµνoi δ
irpss
pos + ǫs
)pνsǫ
rst ˙¯S
t
ξ
◦
=
◦
=
Q
η
√
m2 + ~ˇκ
2
(τ)
(
1
2
ǫµνijδ
irδjs − ǫµνoi δ
irpss
pos + ǫs
)pνs
1
2
ǫrst[ ~B(τ, ~η(τ))× ~¯Sξ]t. (96)
Let us remark that the distribution function on the Grassmann variables introduced in
Ref. [27] to recover classical results as an expectation value of the pseudoclassical ones ,
allows to arrive to a classical theory with a classical electric charge but without spin.
Finally, the Lagrangian corresponding to the Dirac Hamiltonian of Eq.(94) is
LR(τ) =
N∑
i=1
( i
2
[θˇ∗i (τ)
˙ˇθi(τ)− ˙ˇθ
∗
i (τ)θˇi(τ)]−
i
2
ξir(τ)ξ˙
r
i (τ)−
− ηi
√
m2i − 2Qi(τ)~¯Siξ(τ) · ~B(τ, ~ηi(τ))
√
1− (~˙ηi(τ) + ~λ(τ) )2 +
+ Qi[~˙ηi(τ) +
~λ(τ)] · ~A⊥(τ, ~ηi(τ)) + 1
2
∑
j 6=i
QiQj
4π|~ηi(τ)− ~ηj(τ)|
)
+
+
1
2
∫
d3σ[( ~˙A⊥ + [~λ(τ) · ~∂] ~A⊥)2 − ~B2](τ, ~σ). (97)
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VI. THE LIENARD-WIECHERT POTENTIALS.
The last of Eqs.(95) [with the gauge condition ~λ(τ) = ~˙g(τ) = 0] can be solved by using
the retarded Green function [9]
Gret(τ ;~σ) = (1/2π)θ(τ)δ[τ
2 − ~σ2],
⇒ ✷Gret(τ, ~σ) = δ(τ)δ3(~σ), (98)
and one obtains
Aˇr⊥RET (τ, ~σ)
◦
= Aˇr⊥IN(τ, ~σ) +
+
N∑
i=1
Qi
2π
P rs⊥ (~σ){
∫
dτ ′θ(τ − τ ′)δ[(τ − τ ′)2 − (~σ − ~ηi(τ ′))2]η˙si (τ ′) +
+
∫
dτ
′
d3σ
′
θ(τ − τ ′)δ[(τ − τ ′)2 − (~σ − ~σ′)2]
ǫsuvS¯uiξ(τ
′
)
ηi
√
m2i + ~ˇκ
2
i (τ
′)
∂
∂σ′ v
δ3(~σ
′ − ~ηi(τ ′))} =
= Aˇr⊥IN(τ, ~σ) +
N∑
i=1
Qi
4π
P rs⊥ (~σ){
η˙si (τi+(τ, ~σ))
̺i+(τi+(τ, ~σ), ~σ)
+
+ 2
∫
dτ
′
d3σ
′
θ(τ − τ ′)δ[(τ − τ ′)2 − (~σ − ~σ′)2]
ǫsuvS¯uiξ(τ
′
)
ηi
√
m2i + ~ˇκ
2
i (τ
′)
∂
∂σ′ v
δ3(~σ
′ − ~ηi(τ ′))}. (99)
where A⊥IN(τ, ~σ) [✷A⊥IN (τ, ~σ) = 0] is a homogeneous solution describing arbitrary incom-
ing radiation.
Here we introduced the following notations. Let (τ, ~σ) be the coordinates of a point
zµ(τ, ~σ) of Minkowski spacetime lying on the Wigner hyperplane ΣW (τ), on which the lo-
cations of the particles are (τ, ~ηi(τ)) [i.e. x
µ
i (τ) = z
µ(τ, ~ηi(τ))]. The rest-frame distance
between zµ(τ, ~σ) and xµi (τ) is ~ri(τ, ~σ) = ~σ − ~ηi(τ); let ~ˆri(τ, ~σ) = (~σ − ~ηi(τ))/|~σ − ~ηi(τ)| be
the associated unit vector, ~ˆr
2
i (τ, ~σ) = 1.
Let τi+(τ, ~σ) [the retarded times] denote the retarded solutions of the equations
(τ − τi+)2 = (~σ − ~ηi(τi+))2, i = 1, .., N. (100)
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The point zµ(τ, ~σ) lies on the lightcones emanating from the particle worldlines at their points
xµi (τi+(τ, ~σ)) = z
µ(τi+(τ, ~σ), ~ηi(τi+(τ, ~σ))), lying on the Wigner hyperplanes ΣW (τi+(τ, ~σ)) re-
spectively. The point zµ(τ, ~σ) on ΣW (τ) will define points z
µ(τi+(τ, ~σ), ~σ) on the Wigner
hyperplanes ΣW (τi+(τ, ~σ)) by orthogonal projection [since (z
µ(τ, ~σ) − xµi (τi+(τ, ~σ))2 = 0,
we have Ri+(τ, ~σ) =
√
(z(τ, ~σ)− z(τi+(τ, ~σ), ~σ))2 =
√
−(z(τi+(τ, ~σ), ~σ)− xi(τi+(τ, ~σ))2 and
zµ(τ, ~σ) − xµi (τi+(τ, ~σ)) = Ri+(τ, ~σ)(tµi+(τ, ~σ) + sµi+(τ, ~σ)) with tµi+(τ, ~σ) and sµi+(τ, ~σ) be-
ing the timelike and spacelike unit vectors associated with zµ(τ, ~σ) − zµ(τi+(τ, ~σ), ~σ) and
zµ(τi+(τ, ~σ), ~σ) − xµi (τi+(τ, ~σ)) respectively; Ri+(τ, ~σ) is the Minkowski retarded distance
between zµ(τ, ~σ) and xµi (τi+(τ, ~σ))].
Let ~ri+(τi+(τ, ~σ), ~σ) = ~σ − ~ηi(τi+(τ, ~σ)) denote the rest-frame retarded distance be-
tween the points zµ(τi+(τ, ~σ), ~σ) and the points x
µ
i (τi+(τ, ~σ)) of the worldlines belonging
to ΣW (τi+(τ, ~σ)) [with ~ˆri+(τi+(τ, ~σ), ~σ) being the unit vector, ~ˆr
2
i+ = 1]. Let us denote the
length of the vectors ~ri+(τi+(τ, ~σ), ~σ) with
ri+(τi+(τ, ~σ), ~σ) = |~ri+(τi+(τ, ~σ), ~σ)| = |~σ − ~ηi(τi+(τ, ~σ))| =
= τ − τi+(τ, ~σ) > 0. (101)
Then, we have
θ(τ − τ ′) δ[(τ − τ ′)2 − (~σ − ~ηi(τ ′))2] = δ(τ
′ − τi+(τ, ~σ))
2ρi+(τi+(τ, ~σ), ~σ)
,
ρi+(τi+(τ, ~σ), ~σ) = τ − τi+(τ, ~σ)− ~˙ηi(τi+(τ, ~σ)) · [~σ − ~ηi(τi+(τ, ~σ))] =
= ri+(τi+(τ, ~σ), ~σ)[1− ~˙ηi(τi+(τ, ~σ)) · ~ˆri+(τi+(τ, ~σ), ~σ)]. (102)
Since the quantities Qiǫ
suvS¯uiξ/ηi
√
m2i + ~ˇκ
2
i are constants of the motion as implied by
Eqs.(95) [since ~˙¯Siξ and ~˙κi are proportional to Qi and Q
2
i = 0, Q˙i
◦
=0], Eq.(99) may be
rewritten as
Aˇr⊥RET (τ, ~σ)
◦
= Aˇr⊥IN(τ, ~σ) +
N∑
i=1
Qi
4π
P rs⊥ (~σ){
η˙si (τi+(τ, ~σ))
̺i+(τi+(τ, ~σ), ~σ)
+
+ 2
ǫsuvS¯uiξ(τ)
ηi
√
m2i + ~ˇκ
2
i (τ)
·
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∫
dτ
′
d3σ
′
θ(τ − τ ′)δ[(τ − τ ′)2 − (~σ − ~σ′)2] ∂
∂σ′ v
δ3(~σ
′ − ~ηi(τ ′))}. (103)
After an integration by parts, one has
∫
dτ
′
d3σ
′
θ(τ − τ ′)δ[(τ − τ ′)2 − (~σ − ~σ′)2] ∂
∂σ′ v
δ3(~σ
′ − ~ηi(τ ′)) =
= 2π
∫
dτ
′
d3σ
′
GRET [τ − τ ′ , |~σ − ~σ′ |] ∂
∂σ′ v
δ3(~σ
′ − ~ηi(τ ′)) =
= −2π
∫
dτ
′ ∂
∂ηvi (τ
′)
GRET [τ − τ ′ , |~σ − ~ηi(τ ′)|] =
=
∂
∂σv
∫
dτ
′
θ(τ − τ ′)δ[(τ − τ ′)2 − |~σ − ~ηi(τ ′)|2] =
=
∂
∂σv
1
2ρi+(τi+(τ, ~σ), ~σ)
. (104)
Therefore the retarded Lienard-Wiechert potential of the spinning particle is
Aˇr⊥RET (τ, ~σ)
◦
= Aˇr⊥IN(τ, ~σ) +
N∑
i=1
Qi
4π
P rs⊥ (~σ){
η˙si (τi+(τ, ~σ))
̺i+(τi+(τ, ~σ), ~σ)
−
− ǫ
suvS¯uiξ(τ)
ηi
√
m2i + ~ˇκ
2
i (τ)
∂vρi+(τi+(τ, ~σ), ~σ)
[ρi+(τi+(τ, ~σ), ~σ)]2
}. (105)
Eq.(105) can be rewritten as
Aˇr⊥RET (τ, ~σ) = Aˇ
r
⊥IN(τ, ~σ) +
N∑
i=1
Qi
4π
P rs⊥ (~σ)
( η˙si (τi+(τ, ~σ))
̺i+(τi+(τ, ~σ), ~σ)
+
+
[~¯Siξ × ~∂̺i+(τi+(τ, ~σ), ~σ)]s
̺2i+(τi+(τ, ~σ), ~σ) ηi
√
m2i + ~κ
2
i (τ)
)
=
= Aˇr⊥IN(τ, ~σ) +
N∑
i=1
Qi
4π
[
( η˙ri (τi+(τ, ~σ))
̺i+(τi+(τ, ~σ), ~σ)
+
+
[~¯Siξ × ~∂̺i+(τi+(τ, ~σ), ~σ)]r
̺2i+(τi+(τ, ~σ), ~σ) ηi
√
m2i + ~κ
2
i (τ)
)
−
− 1
4π
∫
d3σ′
πrs(~σ − ~σ′)
| ~σ − ~σ′ |3
( η˙si (τi+(τ, ~σ′))
̺i+(τi+(τ, ~σ
′), ~σ′)
+
+
[~¯Siξ × ~∂̺i+(τi+(τ, ~σ′), ~σ′)]s
̺2i+(τi+(τ, ~σ
′), ~σ′) ηi
√
m2i + ~κ
2
i (τ)
)
] =
= Aˇr⊥IN(τ, ~σ) +
N∑
i=1
Aˇr⊥(i+)(τi+(τ, ~σ), ~σ) =
= Aˇr⊥IN(τ, ~σ) +
N∑
i=1
QiA˜
r
⊥(i+)(τi+(τ, ~σ), ~σ),
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πrs(~σ) = δrs − 3σ
rσs
~σ2
, (106)
where ~ˇA⊥(i+)(τi+(τ, ~σ), ~σ) is the rest-frame form of the Lienard-Wiechert retarded potential
produced by particle i [its Minkowski analogue, i.e. the relativistic generalization of the
Coulomb potential, is Aµ(i+)(z) =
Qi
4π
x˙µ
i
(τi+)
x˙i(τi+)·[z−xi(τi+)] =
Qi
4π
x˙µ
i
(τi+)
Ri+[1− ~ˆRi+·~˙xi(τi+)]
in the case of scalar
particles]. Since we are in the rest-frame Coulomb gauge with only transverse Wigner-
covariant vector potentials, ~ˇA⊥(i+)(τi+(τ, ~σ), ~σ) has a first standard term generated at the
retarded time τi+(τ, ~σ) at x
µ
i (τi+(τ, ~σ)), which is, however, accompanied by a nonlocal term
receiving contributions from all the retarded times −∞ < τi+(τ, ~σ′) ≤ τ ., which is due to
the elimination of the electromagnetic gauge degrees of freedom [this is the origin of the
transverse projector]. If we put the ~ˇA⊥(i+)(τi+(τ, ~σ), ~σ)’s in the particle equations (95), with
~ˇA⊥IN(τ, ~σ) = 0, then the equations of motion become integro-differential equations like the
ones generated by a Fokker action.
To evaluate the electric [ ~ˇE⊥ = −
˙ˇ~A⊥] and magnetic [ ~ˇB = −~∂ × ~ˇA⊥] fields produced by
~ˇA⊥(i+)(τ, ~σ), we need the rule of derivation of ‘retarded’ functions g(τ, ~σ; τi+(τ, ~σ)). From
Eq.(100) we get (τ − τi+)(dτ − dτi+) = ri+(dτ − dτi+) = [~σ − ~ηi(τi+)] · [d~σ − ~˙ηi(τi+)dτi+] =
~ri+ · [d~σ − ~˙ηi(τi+)dτi+]. Therefore, by introducing the notation
~vi+(τi+(τ, ~σ), ~σ) =
~ri+(τi+(τ, ~σ), ~σ)
̺i+(τi+(τ, ~σ), ~σ)
=
~ˆri+(τi+(τ, ~σ), ~σ)
1− ~˙ηi(τi+(τ, ~σ)) · ~ˆri+(τi+(τ, ~σ), ~σ)
, ~ˆri+ =
~vi+
|~vi+| ,
| ~vi+(τi+(τ, ~σ), ~σ) | = 1
1− ~˙ηi(τi+(τ, ~σ)) · ~ˆvi+(τi+(τ, ~σ), ~σ)
=
τ − τi+(τ, ~σ)
̺i+(τi+(τ, ~σ), ~σ)
, (107)
we get
∂τi+(τ, ~σ)
∂τ
= |~vi+(τi+(τ, ~σ), ~σ)|,
∂τi+(τ, ~σ)
∂σs
= rˆi+ s(τi+(τ, ~σ), ~σ) |~vi+(τi+(τ, ~σ), ~σ)| = vi+ s(τi+(τ, ~σ), ~σ),
∂g(τ, ~σ; τi+(τ, ~σ)))
∂τ
= [(
∂
∂τ
|τ ′ + |~vi+(τi+(τ, ~σ), ~σ)|
∂
∂τ ′
)g(τ, ~σ; τ
′
)]|τ ′=τi+(τ,~σ),
∂g(τ, ~σ; τi+(τ, ~σ)))
∂σs
= [(
∂
∂σs
|τ ′ + vi+ s(τi+(τ, ~σ), ~σ)
∂
∂τ ′
)g(τ, ~σ; τ
′
)]|τ ′=τi+(τ,~σ). (108)
so that, using the derived equations
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∂~ri+(τi+, ~σ)
∂τi+
= −~˙ηi(τi+),
∂ri+(τi+, ~σ)
∂τi+
= −~˙ηi(τi+) · ~ˆri+(τi+, ~σ),
∂ρi+(τi+, ~σ)
∂τi+
= ~˙η
2
i (τi+)− ( ~˙ηi(τi+) + ri+(τi+, ~σ)~¨ηi(τi+) ) · ~ˆri+(τi+, ~σ),
∂
∂σs
|τi+ rri+(τi+, ~σ) = δrs ,
∂
∂σs
|τi+ ri+(τi+, ~σ) = rˆsi+(τi+, ~σ),
∂
∂σs
|τi+ ρi+(τi+, ~σ) = −(η˙si (τi+) + rˆsi+(τi+, ~σ) ) (109)
we get
Aˇr⊥RET (τ, ~σ) = Aˇ
r
⊥IN(τ, ~σ) +
N∑
i=1
Qi
4π
P rs⊥ (~σ)
( η˙si (τi+(τ, ~σ))
̺i+(τi+(τ, ~σ), ~σ)
+
+
[~¯Siξ × (~˙ηi(τi+(τ, ~σ)) + ~ˆri+(τi+(τ, ~σ), ~σ))]s
̺2i+(τi+(τ, ~σ), ~σ) ηi
√
m2i + ~ˇκ
2
i (τ)
)
=
= Aˇr⊥IN(τ, ~σ) +
N∑
i=1
Aˇr⊥(i+)(τi+(τ, ~σ), ~σ) =
= Aˇr⊥IN(τ, ~σ) +
N∑
i=1
QiA˜
r
⊥(i+)(τi+(τ, ~σ), ~σ),
Eˇr⊥RET (τ, ~σ) = −
∂
∂τ
Aˇr⊥RET (τi+(τ, ~σ), ~σ)
◦
= Eˇr⊥IN(τ, ~σ)−
− P rs⊥ (~σ)
N∑
i=1
Qi
4π
|~vi+(τi+(τ, ~σ), ~σ)|
( η¨si (τi+(τ, ~σ))
ρi+(τi+(τ, ~σ), ~σ)
−
− η˙
s
i (τi+(τ, ~σ))
ρ2i+(τi+(τ, ~σ), ~σ)
( ~˙η
2
i (τi+(τ, ~σ))−
− (~˙ηi(τi+(τ, ~σ)) + ri+(τi+(τ, ~σ), ~σ)~¨ηi(τi+(τ, ~σ)) ) · ~ˆri+(τi+(τ, ~σ), ~σ)) +
+
(~¯Siξ × ~Ci(τi+(τ, ~σ), ~σ) )s
ηi
√
m2i + ~ˇκ
2
i (τ)
)
=
= Eˇr⊥IN(τ, ~σ) +
N∑
i=1
Eˇr⊥(i+)(τi+(τ, ~σ), ~σ) =
= Eˇr⊥IN(τ, ~σ) +
N∑
i=1
QiE˜
r
⊥(i+)(τi+(τ, ~σ), ~σ),
with ~Ci(τi+(τ, ~σ), ~σ) =
1
ρ2i+(τi+(τ, ~σ), ~σ)
(
~¨ηi(τi+(τ, ~σ)) +
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+
(~˙ηi(τi+(τ, ~σ)) · ~ˆri+(τi+(τ, ~σ), ~σ) )~ˆri+(τi+(τ, ~σ), ~σ)− ~˙ηi(τi+(τ, ~σ))
ri+(τi+(τ, ~σ), ~σ)
−
− 2(~˙ηi(τi+(τ, ~σ)) + ~ˆri+(τi+(τ, ~σ), ~σ))
ρi+(τi+(τ, ~σ), ~σ)
[~˙η
2
i (τi+(τ, ~σ))−
− (~˙ηi(τi+(τ, ~σ)) + ri+(τi+(τ, ~σ), ~σ)~¨ηi(τi+(τ, ~σ)) ) · ~ˆri+(τi+(τ, ~σ), ~σ)]
)
,
BˇrRET (τ, ~σ) = −ǫrsu(∂sAˇu⊥RET (τ, ~σ)) ◦= = BˇrIN(τ, ~σ) +
+
N∑
i=1
Qi
4π
ǫrsuP uv⊥ (~σ)(
∂
∂σs
|τi+ + vi+, s(τi+(τ, ~σ), ~σ)
∂
∂τi+
)
( η˙vi (τi+(τ, ~σ))
ρi+(τi+(τ, ~σ), ~σ)
+
+
[~¯Siξ × (~˙ηi(τi+(τ, ~σ)) + ~ˆri+(τi+(τ, ~σ), ~σ))]v
̺2i+(τi+(τ, ~σ), ~σ) ηi
√
m2i + ~ˇκ
2
i (τ)
)
=
= BˇrIN(τ, ~σ) +
N∑
i=1
[~ˆri+(τi+(τ, ~σ), ~σ)× ~ˇE⊥(i+)(τi+(τ, ~σ), ~σ) ]r +
+
N∑
i=1
Qi
4π
ǫrsuP uv⊥ (~σ)
( [η˙si+(τi+(τ~σ)) + rˆsi+(τi+(τ, ~σ), ~σ)]η˙vi (τi+(τ, ~σ))
ρ2i+(τi+(τ, ~σ), ~σ)
+
+
ǫvnmS¯niξ(τ)
ηi
√
m2i + ~ˇκ
2
i (τ)
Cmsi (τi+(τ, ~σ), ~σ)
)
=
= BˇrIN(τ, ~σ) +
N∑
i=1
Bˇr(i+)(τi+(τ, ~σ), ~σ) =
= BˇrIN(τ, ~σ) +
N∑
i=1
QiB˜
r
(i+)(τi+(τ, ~σ), ~σ),
with Cmsi (τi+(τ, ~σ), ~σ) =
1
ρ2i+(τi+(τ, ~σ), ~σ)
(δms − (rˆmi+rˆsi+)(τi+(τ, ~σ), ~σ)
ri+(τi+(τ, ~σ), ~σ)
+
+ 2
(η˙mi (τi+(τ, ~σ)) + rˆ
m
i+(τi+(τ, ~σ), ~σ))(η˙
s
i (τi+(τ, ~σ)) + rˆ
s
i+(τi+(τ, ~σ), ~σ))
ρi+(τi+(τ, ~σ), ~σ)
)
. (110)
The particle equations of motion contained in Eqs.(95), the definition of the rest frame,
Eq,(91), and the conserved relative energy Hrel of Eq.(94) have now the following form
d
dτ
(ηi
√√√√m2i − 2Qi~¯Siξ(τ) · [ ~ˇBIN(τ, ~ηi(τ)) +∑
j 6=i
Qj
~˜B(j+)(τj+(τ, ~ηi(τ)), ~ηi(τ))
~˙ηi(τ)√
1− ~˙η2i (τ)
)
◦
=
◦
= −∑
k 6=i
QiQk[~ηi(τ)− ~ηk(τ)]
4π | ~ηi(τ)− ~ηk(τ) |3 +
Qi
mi
ηi
√
1− ~˙η2i (τ)S¯uiξ(τ) ·
[
∂BˇuIN (τ, ~ηi(τ))
∂~ηi
+
∑
j 6=i
Qj
∂B˜u(j+)(τj+(τ, ~ηi(τ)), ~ηi(τ))
∂~ηi
] +
54
+ Qi[ ~ˇE⊥IN(τ, ~ηi(τ)) + ~˙ηi(τ)× ~ˇBIN(τ, ~ηi(τ))] +
+
∑
k 6=i
QiQk[
~˜E⊥(k+)(τi+(τ, ~ηi(τ)), ~ηi(τ)) +
+ ~˙ηi(τ)× ~˜B(k+)(τi+(τ, ~ηi(τ)), ~ηi(τ))],
N∑
i=1
[ηi
√√√√m2i − 2Qi~¯Siξ(τ) · [ ~ˇB(τ, ~ηi(τ)) +∑
j 6=i
Qj
~˜B(j+)(τj+(τ, ~ηi(τ)), ~ηi(τ))
~˙ηi(τ)√
1− ~˙η2i (τ)
+
+ Qi ~ˇA⊥IN(τ, ~ηi(τ))] +
∑
i 6=j
QiQj
~˜A⊥(j+)(τj+(τ, ~ηi(τ), ~ηi(τ)) +
+
∫
d3σ [ ~ˇE⊥IN × ~ˇBIN +
N∑
i=1
Qi( ~ˇE⊥IN × ~˜B⊥(i+)(τi+, ~σ) +
+ ~˜E⊥(i+)(τi+, ~σ)× ~ˇBIN) +
+
∑
i 6=j
QiQj
~˜E⊥(i+)(τi+, ~σ)× ~˜B(j+)(τj+, ~σ)](τ, ~σ) ◦=0,
Erel =
∑
i
ηi
√
m2i − 2Qi~¯Siξ(τ) · [ ~ˇB(τ, ~ηi(τ)) +
∑
j 6=iQj
~˜B(j+)(τj+(τ, ~ηi(τ)), ~ηi(τ))√
1− ~˙η2i (τ)
+
+
∑
i 6=j
QiQj
4π | ~ηi(τ)− ~ηj(τ) | +
∫
d3σ [
~ˇE
2
⊥IN + ~ˇB
2
IN
2
+
+
N∑
i=1
Qi( ~ˇE⊥IN · ~˜E⊥(i+)(τi+, ~σ) + ~ˇBIN · ~˜B(i+)(τi+, ~σ)) +
+
∑
i>j
QiQj(
~˜E⊥(i+)(τi+, ~σ) · ~˜E⊥(j+)(τj+, ~σ) +
+ ~˜B(i+)(τi+, ~σ) · ~˜E⊥(j+)(τj+, ~σ)) ](τ, ~σ) = const. (111)
The property Q2i = 0 has been used in these equations and it will be used also in what
follows. Besides the divergent Coulomb self-interaction it eliminates other divergent terms.
In the nonrelativistic limit |~˙ηi(τ)| << 1 and in wave zone [τi+(τ, ~σ) → τ ,
ρi+(τi+(τ, ~σ), ~σ) → r(τ, σ) ≈ |~σ| → ∞] with ~ˇA⊥IN(τ, ~σ) = 0, since the ‘spin’ contribution is
of order |~σ|−2, the asymptotic limit of the retarded fields is like for scalar particles
Eˇr⊥RET,AS(τ, ~σ) ≈ −P rs⊥ (~σ)
N∑
i=1
Qi
4π
η¨si (τ)
|~σ| ,
55
BˇrRET,AS(τ, ~σ) ≈ −P rs⊥ (~σ)
N∑
i=1
Qi
4π
[~σ × ~¨ηi(τ)]s
|~σ| , (112)
so that the “Larmor formula” for the radiated energy become [~n = ~ˆr = ~σ/|~σ|]
dE
dτ
≈
∫
S
dΣ ~n · ( ~ˇE⊥RET,AS × ~ˇBRET,AS)(τ, ~σ) =
=
∑
i 6=j
QiQj
(4π)2
∫
dΩ ~n · (~¨ηi(τ)× [~n× ~¨ηj(τ)]) =
=
∑
i 6=j
QiQj
(4π)2
∫
dΩ(~n× ~¨ηi(τ)) · (~n× ~¨ηj(τ)) =
=
2
3
∑
i 6=j
QiQj
(4π)2
~¨ηi(τ) · ~¨ηj(τ). (113)
The usual terms
Q2i
(4π)2
2
3
~¨η
2
i (τ) are absent due to the pseudoclassical conditions Q
2
i = 0.
Therefore, at the pseudoclassical level, there is no radiation coming from single charges, but
only interference radiation due to terms QiQj with i 6= j. Since it is not possible to control
whether the source is a single elementary charged particle (only macroscopic sources are
testable), this result is in accord with macroscopic experimental facts.
For a single particle, N=1, the pseudoclassical equations (111) become
d
dτ
(η
√
m2 − 2Q~¯Sξ · ~ˇBIN(τ, ~η(τ)) ~˙η(τ)√
1− ~˙η2(τ)
)
◦
=
◦
= Q[ ~ˇE⊥IN(τ, ~η(τ)) + ~˙η(τ)× ~ˇBIN(τ, ~η)] + η
√
1− ~˙η2(τ)
m
QS¯uξ
∂BˇuIN (τ, ~η(τ))
∂~η
,
η
√
m2 − 2Q~¯Sξ · ~ˇBIN (τ, ~η(τ)) ~˙η(τ)√
1− ~˙η(τ)
+Q ~ˇA⊥IN(τ, ~η(τ)) +
+
∫
d3σ[( ~ˇE⊥IN × ~ˇBIN)(τ, ~σ) +Q( ~ˇE⊥IN(τ, ~σ)× ~˜B(+)(τ+(τ, ~σ), ~σ) +
+ ~˜E⊥(+)(τ+(τ, ~σ), ~σ)× ~ˇBIN(τ, ~σ))] ◦=0,
Erel =
η
√
m2 − 2Q~¯Sξ · ~ˇBIN(τ, ~η(τ))√
1− ~˙η(τ)2
+
∫
d3σ [
~ˇE
2
⊥IN + ~ˇB
2
IN
2
+
+ Q( ~ˇE⊥IN · ~˜E⊥(+)(τ+, ~σ) + ~ˇBIN · ~˜B(+)(τ+, ~σ))](τ, ~σ) = const.,
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ddτ
η
√
m2 − 2Q~¯Sξ · ~ˇBIN(τ, ~η(τ))√
1− ~˙η2(τ)
◦
=
◦
= Q~˙η(τ) · ~ˇE⊥IN(τ, ~η(τ)) +
∫
Sas
dΣ ~n · [ ~ˇE⊥IN × ~ˇBIN +
+ Q( ~ˇE⊥IN × ~˜B(+)(τ+, ~σ) + ~˜E⊥(+)(τ+, ~σ)× ~ˇBIN)](τ, ~σ). (114)
The first of Eqs.(114) replaces the Abraham-Lorentz-Dirac equation [see for instance Ref.
[49]] for an electron in an external electromagnetic field [Q = eθ∗θ].
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VII. CONCLUSIONS
We have obtained the pseudoclassical description of the positive (or negative) energy
solutions of the Dirac equation on spacelike hypersurfaces and then in the rest-frame instant
form on Wigner hyperplanes. The coupling to the electromagnetic field of these spinning
particles on spacelike hypersurfaces is such to be consistent with only a “spin-magnetic
field” interaction in the intrinsic rest-frame on Wigner hyperplanes like in the nonrelativistic
Pauli theory, which is recovered in the limit c → ∞. These results are consistent with the
elimination of the classical effects at the basis of pair production and of all the effects of the
same order in the electric charge, which are obstructions to the diagonalization of the Dirac
Hamiltonian with the Foldy-Wouthuysen transformation.
The reduction to the rest-frame Wigner-covariant Coulomb gauge is done for the system
on N charged spinning particles plus the electromagnetic field. Also the Lienard-Wiechert
potential of spinning particles was studied by following Ref. [9].
Then one has to find a connection with the existing literature on two-body equations for
relativistic bound states starting from two coupled spinning particles with various kinds of
potentials [50,51]. Also the coupling of colored spinning particles to the SU(3) Yang-Mills
field along the lines of Ref. [16] has to be done.
The quantization of this spinning particle (which will be studied elsewhere) should be
done following the scheme of Ref. [18], giving rise to a nonlocal Schroedinger equation with
the kinetic square root operator for a 2-spinor, which corresponds to the SU(2) spinor in the
positive (or negative) energy solutions of the Dirac equation after a boost to the rest frame.
However, as pointed out in Section II, it is not clear how to recover the classical fibration
describing the spin structure. In the pseudoclassical theory of Eq.(1) one has the constraints
χ = p2 − m2 ≈ 0, describing a scalar particle, and χD = pµξµ − mξ5 ≈ 0, restricting
the G5 spin fiber over x
µ(τ) to a Grassmann algebra G4, with the consistency relation
{χD, χD} = iχ. For a scalar particle with only χ = p2 −m2 ≈ 0, quantization produces the
Klein-Gordon equation (✷ + m2)φ(x) = 0. Therefore, for the spinning particle one would
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expect a double role of the constraint χ ≈ 0: i) χ = p2−m2 ≈ 0 going to (✷+m2)φ(x) = 0;
ii) χD = pµξ
µ −mξ5 ≈ 0 going to γ5(i∂µγµ −m)ψ(x) = 0 with {χD, χD} = iχ replaced by
(✷ +m2)ψ(x) = 0. This would replace the superfield Xµ = xµ + θξµ of Eq.(6) not with a
quantum superfield φ(x) + θψ(x) (the supersymmetric scalar multiplet with a Grassmann
valued Dirac field) but with a first quantization fibration [ψ(x) over φ(x)] (with ψ(x) a Dirac
wave function) describing the spin structure. Here, in [ψ(x) over φ(x)] the Klein-Gordon
field φ(x) should be restricted to a special class of configurations peaked on a particle
worldline, the trace in Minkowski spacetime of the average position of the electric current
produced by the lepton. In the free case this worldline should be a straightline, projection
to Minkowski spacetime of the Foldy-Wouthuysen mean position. Therefore, the allowed
configurations of φ(x) should depend on only 8 degrees of freedom like for a scalar particle.
This can be obtained by using the new canonical decomposition in center-of-mass and relative
variables of a Klein-Gordon field [15,52] and by selecting its monopole configurations [this
decomposition is obtained starting from canonical action-angle variables, which do not exist
for a Dirac wave function: this again points at the lack of completeness in our description
of fermions]. This restriction on the φ(x) configurations is also implied by the fact that also
bound states of fermions should have the same fibered structure over restricted bound states
of scalar particles, otherwise one should have contradiction with the experimental fact that
the fermion bound state in the fiber is sufficient to explain the spectra of bound states.
Let us remark that the same pattern should exist in the nonrelativistic Pauli theory with
[ψ(x) over φ(x)] replaced by [ψP (x) over ψ˜(x)], where ψ˜(x) is a Schroedinger wave function
and ψP (x) a Pauli spinor. Bound states of these objects are needed in the explaination of
superconductivity by means of Cooper pairs.
As we shall see in Ref. [53], devoted to the pseudoclassical basis of QED on spacelike
hypersurfaces, the use of Grassmann valued Dirac fields will create a geometrical problem,
which again points towards the necessity of a fibration to describe the spin structure both
at the classical and at the second quantized (functional Schroedinger equations [54]) level.
Instead bosonic fields like the electromagnetic one already contain the fibration: in the
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limit of geometrical optics one has a null ray of light with the spin structure (the Stokes
parameters) over it (see the pseudoclassical photon [26]).
Finally, massless spinning particles and fermion fields on spacelike hypersurfaces will
be treated in a future paper, because they require the reformulation of the front form of
dynamics in the instant form.
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APPENDIX A: FOLDY-WOUTHUYSEN, CINI-TOUSCHEK AND CHIRAL
REPRESENTATIONS.
In the Foldy-Wouthuysen representation [32], the momentum space Dirac equation
in the noncovariant form (i∂o − H)ψ(p) = 0 with Hˆ = βm + ~α · ~p is transformed
to (i∂o − γo√~p2 +m2)ψ(FW )(p) = 0 with ψ(FW )(p) =

 χ(FW )
η(FW )

 (p) = Uˆ(FW )ψ(p) =
Uˆ(FW )

 χ
η

 (p) [χ(FW ) = (
√
~p2+m2+m)χ+~p·~ση√
2
√
~p2+m2(
√
~p2+m2+m)
and η(FW ) =
(
√
~p2+m2+m)η−~p·~σχ√
2
√
~p2+m2(
√
~p2+m2+m)
] and
Uˆ(FW ) =
1√
2
√
~p2+m2(
√
~p2+m2+m)
(βHˆ+
√
~p2 +m2) =
√√
~p2+m2+m
2
√
~p2+m2


11 ~p·~σ√
~p2+m2+m
−~p·~σ√
~p2+m2+m
11

.
In this representation the Poincare´ generators are pˆµ(FW ) = (β
√
~ˆp
2
+m2; ~ˆp), ~ˆJ (FW ) =
~ˆx×~ˆp+ 1
2
~σ, Jˆoi(FW ) = xˆ
o pˆi− 1
2
β(xˆi
√
~ˆp
2
+m2+
√
~ˆp
2
+m2xˆi)+β
1
2
~σ×~ˆp√
~ˆp
2
+m2+m
; see table I of Ref. [32]
for the form of the position operator (suffering zitterbewegung) in the new representation
and for the definition of the mean position (with free motion without zitterbewegung).
Following the notation of Ref. [55], the positive energy solutions of the Dirac equations are
connected with the spinors u(~p, s) =
√
po +m

 χ
(s)(p)
~p·~σ
po+m
χ(s)(p)

, which under the free Foldy-
Wouthuysen transformation are sent in the spinors u(FW )(~p, s) =
√
2po

 χ
(s)(p)
0

. The 2-
spinors χ(s)(p) describe the two levels of spin 1/2. The negative energy spinors are v(~p, s) =
√
po +m


~p·~σ
po+m
(−iσ2χ(s))(p)
(−iσ2χ(s)(p))

 and the antiparticles of positive mass, same spin and oppo-
site electric charge are described by the charge conjugate spinor Cγov∗(−~p,−s); v(−~p,−s)
is sent by the free Foldy-Wouthuysen transformation into
√
2po

 0
(−iσ2χ(−s)(p))

. The
spin projector in the spacelike direction sµ, s2 = −1, is P (s) = 1
2
(1 + γ5sµγ
µ) = 1
2
[1 =
soγ5γ
o + γo~s · ~Σ] with ~σ = γ5~α =

 ~σ 0
0 ~σ

 [the rest-frame Pauli-Lubanski four-vector is
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◦
W
µ
= Lµν(
◦
p, p)W ν = −1
4
Lµν(
◦
p, p)ǫναβγpασβγ = −12Lµν(
◦
p, p)γ5γ
νpαγ
α = (0; m
2
~Σ)]. Instead
the (constant of the motion) helicity operator h(~p) = ~p · ~Σ/|~p| has different eigenstates; if
Λ±(p) =
±pµγµ+m
2m
is the energy projection operator and if one chooses sµp = (
|~p|
m
; p
o
m
~p
|~p|) (he-
licity basis) one gets the following relation between spin and helicity states: P (sp)Λ±(p) =
[1± h(~p)]Λ±(p).
In Ref. [34] there is a study of the pseudoclassical Foldy-Wouthuysen transformation:
the generator Sˆ(FW ) = −iβ~α · ~pθ(~p) = −i~p · ~γθ(~p), tg 2|~p|θ(~p) = |~p|/m, Uˆ(FW ) = eSˆ(FW )
of the quantum unitary Foldy-Wouthuysen transformation in the free case [realizing the
diagonalization of the Hamiltonian: Hˆ = ~α · ~p + βm 7→ Hˆ(FW ) = po −
√
~p2 +m2γo] corre-
sponds to the generator S(FW ) = 2i~p · ~ξξ5θ(~p) of a pseudoclassical canonical transformation
eS˜(FW )f = f + {f, S(FW )}∗ + 12!{ {f, S(FW )}∗ }∗ + .... Therefore, one finds the new canonical
basis
xo(FW ) = e
S˜(FW )xo = xo,
xi(FW ) = e
S˜(FW )xi = xi − [p
ipj + δ
i
j
√
~p2 +m2(
√
~p2 +m2 +m)](−iξiξ5)
(~p2 +m2)(
√
~p2 +m2 +m)
−
− (−iξ
iξj)pj√
~p2 +m2(
√
~p2 +m2 +m)
,
pµ(FW ) = e
S˜(FW )pµ = pµ,
ξo(FW ) = e
S˜(FW )ξo = ξo,
ξi(FW ) = e
S˜(FW )ξi = ξi +
pi
|~p|ξ5sin 2|~p|θ(~p) +
pi~p · ~ξ
~p2
(cos 2|~p|θ(p)− 1) =
= ξi +
pi√
~p2 +m2
ξ5 − (1− m√
~p2 +m2
)
pi~p · ~ξ
~p2
,
ξ5 (F )W = e
S˜(FW )ξ5 = cos 2|~p|θ(~p)ξ5 − sin 2|~p|θ(~p)~p ·
~ξ
|~p| =
~p · ~ξ +mξ5√
~p2 +m2
,
{xµ(FW ), pν}∗ = −ηµν , {ξµ(FW ), ξν(FW )}∗ = iηµν , {ξ5FW , ξ5FW}∗ = −i,
eS˜(FW )(pµξ
µ −mξ5) = pµξµ(FW ) −mξ5 (FW ) = poξo −
√
~p2 +m2ξ5
7→ γ5γo(po −
√
~p2 +m2γo),
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xµM(FW ) = e
S˜(FW )xµM = x
µ, SijM(FW ) = e
S˜(FW )SijM = S
ij. (A1)
In quantization the Grassmann variables ξµ(FW ), ξ5(FW ), should be replaced by the
standard expression with the Dirac matrices in the Foldy-Wouthuysen representation
γ(FW ) = Uˆ(FW )γUˆ
−1
(FW ) [γ
o
(FW ) = γ
o m−~p·~γ
po
, ~α(FW ) = γ
o
(FW )~γ(FW ) = γ
o(~γ − ~p~p·~γ
po(po+m)
+ ~p
po
),
γ5(FW ) = γ5
m−~p·~γ
po
, with po =
√
~p2 +m2].
Instead the Cini-Touschek transformation [56] antidiagonalizes Hˆ , sending it into
Hˆ(CT ) = p
o ~p·~α
|~p| = p
o

 0
~p·~σ
|~p|
~p·~σ
|~p| 0

. It is generated by Sˆ(CT ) = − i2mβ~α · ~pw(~p), cotg |~p|mw(~p) =
− |~p|
m
, Uˆ(CT ) = e
Sˆ(CT ) = 1√
2po
(
√
po + |~p| +
√
po − |~p| ~p·~γ|~p| =
√
po+|~p|
2po

 1
po−|~p|
m
~p·~σ
|~p|
−po−|~p|
m
~p·~σ
|~p| 1

,
ψ(CT ) =

 χ(CT )
η(CT )

 = Uˆ(CT )ψ =
√
po+|~p|
2po

 χ+
po−|~p|
m
~p·~σ
|~p| η
η − po−|~p|
m
~p·~σ
|~p| χ

, and its pseudoclassical generator
is S(CT ) =
i
m
~p · ~ξξ5w(~p). It could be used to find a new pseudoclassical basis xµ(CT ), pµ, ξµ(CT ),
ξ5 (CT ).
The chiral-Weyl representation of γ matrices (which is systematically used in Ref.
[57,58] instead of the Dirac representation even in the massive case) is done with the uni-
tary transformation Uˆ(chi) = e
−pi
4
γ5γo = 1√
2
(1 − γ5γo) = 1√2

 1 −1
1 1

, so that ψ(chi) =

 χL
ηR

 = Uˆ(chi)ψ = 1√2

 χ− η
χ + η

, where χL = (φa) ∈ (12 , 0), ηR = (φa˙) ∈ (0, 12) are
the left and right components belonging to the corresponding representations of SL(2,C)
[59,57] . The components of ψ, the (1
2
, 1
2
) representation, are χ = 1√
2
(ηR + χL), η =
1√
2
(ηR − χL). The Hamiltonian becomes Hˆ(chi) = Uˆ(chi)HˆUˆ †(chi) =

 −~p · ~σ m
m ~p · ~σ

 =
γ5(~p · ~γ +m). Hˆ(chi) may be antidiagonalized to −m|~p|
√
~p2 +m2

 0 1
1 0

 = m|~p|√~p2 +m2γo(chi)
with Uˆ =
√
po+m
2po

 1
√
po−m
po+m
~p·~σ
|~p|
−
√
po−m
po+m
~p·~σ
|~p| 1

 and diagonalized to √~p2 +m2

 −
~p·~σ
|~p| 0
0 ~p·~σ|~p|


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with Uˆ =
√
|~p|+
√
~p2+m2
2
√
~p2+m2


1 − ~p·~σ|~p|
√√
~p2+m2−|~p|√
~p2+m2+|~p|
~p·~σ
|~p|
√√
~p2+m2−|~p|√
~p2+m2+|~p|
1

. Since γ5γo = −iγ1γ2γ3 =
iγ5(γ5γ1)(γ5γ2)(γ5γ3), the pseudoclassical generator is S(chi) = πξ5ξ1ξ2ξ3 and the pseudoclas-
sical chiral basis is xµ(chi) = x
µ, pµ, ξo(chi) = ξ
o, ξi(chi) = ξ
i+ iπ
2
ǫijkξ5ξ
iξj, ξ5 (chi) = ξ5− iπξ1ξ2ξ3.
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